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1. INTRODUCTION

As is known, the two-photon annihilation of
positron–electron pair constituting ortho-positronium
atom is prohibited by the angular momentum conserva-
tion law. Therefore, when the ortho-positronium gets
into a liquid, its lifetime becomes shorter due to the
annihilation of positronium with an electron of liquid
molecule. However, in the majority of cases, this effect
is not so pronounced, because a vacuum bubble arises
in a liquid around positronium that lowers the probabil-
ity of annihilation. The reason for the appearance of the
bubble (the autolocalization of positronium) is the Pauli
repulsion between positronium electron and electrons
of a liquid. The size of this steadily metastable forma-
tion is determined by the balance between the energy of
Pauli repulsion and the surface energy of the bubble: as
the size of bubble increases, its repulsive energy lowers
and surface energy rises.

The autolocalization of positronium was first
observed in experiments reported in [1, 2]; in subse-
quent studies (for the detailed bibliography see [3, 4]),
the bubble radii and the lifetime of positronium in the
bubble were determined. Bubble radii vary from the
unity to several tens of a distance between molecules in
a liquid. The shape of such a supersmall bubble can dif-
fer profoundly from spherical in each moment; hence,
the term “nanocavity” is frequently met in the literature
and will be used hereafter.

In the first theoretical work [5] devoted to the
autolocalization of positronium in a liquid, the simplest
model describing this phenomenon only qualitatively
was proposed. It was assumed that positronium is
located at the center of spherical vacuum cavity whose
equimolar radius 

 

R

 

e

 

 coincides with the radius of poten-
tial well of Pauli repulsive forces, 

 

R

 

∞

 

. It was suggested
that the depth of the potential well is equal to infinity.
The model explains the phenomenon of autolocaliza-
tion; however, the lifetime of positronium in a cavity

turned out to be infinite because, in this model, positro-
nium cannot pass beyond the well boundary and there
are no liquid molecules in the well.

To explain the finite lifetime of positronium, Tao [6]
assumed that the equimolar radius of nanocavity is
smaller than the radius of potential well; the difference
between these radii 

 

∆

 

 = 
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 – 

 

R

 

e

 

 is the parameter of a
model. In Tao’s model, the wave function of positron is
overlapped with the wave functions of valence elec-
trons of liquid molecules, thus leading to the annihila-
tion of positron with these electrons during the finite
time. It is surprising that, taking the 

 

∆

 

 value of the order
of 

 

2 

 

Å, one can obtain the lifetimes of positronium in
nanocavities that are close to those observed in experi-
ments with all studied substances. Seemingly, such 

 

∆

 

value testifies that the positron annihilates with the
electrons of molecules that are most close to the nano-
cavity. The 

 

∆

 

 value is determined by the shape of true
potential of Pauli’s repulsion which is ignored in the
model. The model proposed in [6] was later elaborated
in [7].

The same physical mechanism of annihilation with
the electrons that are the nearest neighbors of nanocav-
ity is taken into account also in the model proposed in
[3, 8, 9] where it is assumed that 

 

∆

 

 = 0; however, the
depth 

 

U

 

 of the well is considered to be finite and
depends on the nature of a liquid. In this model, the
exponential “tail” of positronium wave function is
overlapped by wave functions of electrons of liquid that
ensures the finite lifetime of positronium. Smooth pro-
files of density and potential have been considered in
[10–13] instead of rectangular density profile of a liq-
uid and rectangular potential well. In all the studies, the
stable radius of nanocavity was calculated from the
condition of a minimum of its total energy whose sur-

face component was written as 
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πσ

 

∞

 

, where 

 

σ

 

∞

 

 is
the surface tension of the plane surface of a liquid.
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In cited works, one failed to correlate the values of
nanocavity radius and positronium lifetime. For exam-
ple, in the model of infinitely deep well [6], correct life-
times are obtained, but the nanocavity radius for all
studied substances appeared to be smaller than the
experimental value; moreover, the difference between
these values is noticeably larger than the experimental
error. One can obtain good agreement with experiment
for the nanocavity radius by varying the depth of the
well; however, the lifetime differs from experimental
value by the order of magnitude [3]. The combination
of models considered, i.e., the description of nanocav-
ity using two parameters (finite depth 

 

U

 

 and 

 

∆

 

 > 0) was
also unsuccessful. Such a situation is not surprising,
because the surface tension of plane liquid surface is
inapplicable for describing the surface energy of
strongly curved surface of nanocavity. It is by this rea-
son why, in current studies, positron nanocavities are
considered not only as objects of independent study, but
also as “probes” for the study of the dependence of sur-
face tension of nanocavities on their sizes.

In [14, 15], it was mentioned for the first time that it
is possible to correlate nanocavity radius and positron-
ium lifetime via the allowance for the size dependence
of surface tension. In [14, 15], this dependence was
taken into account by the introduction of modified Tol-
man’s correction, i.e., via the introduction of additional
(with respect to 

 

U

 

 and 

 

∆

 

) “adjustment” parameter, that
is, Tolman’s length representing several intermolecular
distances. At the same time, according to modern
notions [16], Tolman’s length cannot exceed several
tenths of intermolecular distances. In addition, assum-
ing that it is necessary to introduce size correction to
describe the nanocavity, the same correction should be
taken into account while describing clusters. However,
using Tolman’s length determined in [14], we can arrive
at a significant discrepancy with experimental results
obtained for the homogeneous nucleation (e.g., for
water and argon).

In this work, we proposed a description of positron-
ium nanocavities based on the Tao model and the model
of the surface of nanocavities in a liquid proposed in
[17]. It is suggested [17] that, as it takes place for clus-
ters [18], the contribution of the surface to thermody-
namic functions of a system is proportional to the num-
ber of surface molecules. The theory of strongly curved
interface [17, 18] anticipated the description of nano-
cavities and clusters within a wide range of their radii,
from intermolecular size to infinity; hence, this theory
must be applicable also for positronium nanocavities.

Replacing expression 

 

4

 

πσ

 

∞

 

 of the classical theory of
nucleation for the surface energy [19] by the expression
that takes into account the dependence of the surface
energy on interface curvature [17], one can calculate
the total Gibbs free energy of positronium nanocavity.
Minimizing this energy by the nanocavity radius, one
can calculate the radius corresponding to the stable
state.

Re
2

 

It turned out that, in order to explain large (with
respect to the classical theory of nucleation) values of
the radius of positronium nanocavities, it is not neces-
sary to assume larger values of Tolman’s length. For
such well-studied substances as water and argon, inde-
pendent estimates of Tolman’s length lead to the values
of the order of several tenths of intermolecular dis-
tances. In this case, for the nanocavities with the sizes
of the order of several intermolecular distances, the sur-
face energy decreases almost twofold compared to the
value established by the classical theory. This enables
us to consistently explain experimental data on the
sizes of positronium nanocavities and lifetimes of
positronium. On the other hand, at the same values of
Tolman’s length, the surface energy of clusters contain-
ing several tens of molecules slightly differs from the
classical value that explains the known fact: experi-
ments on measuring the rates of homogeneous nucle-
ation are in good agreement with classical theory.

Thus, it is possible to obtain consistent description
of all properties of positronium nanocavities in liquids
and the homogeneous nucleation of corresponding sub-
stances that does not contain adjustment parameters,
supplementary to parameter 

 

∆

 

 in Tao’s model. For sub-
stances with unknown Tolman’s length, the value of
this parameter can be estimated using data on positron-
ium nanocavities. It turned out that all these estimates
have the order of magnitude consistent with general
notions.

The Gibbs free energy for positronium nanocavity
with allowance for the size dependence of surface ten-
sion is described in Section 2. The system of transcen-
dental equations, whose solution is the stable radius of
nanocavity, is derived in Section 3; Section 4 contains
the results of calculations of the stable nanocavity
radius and Tolman’s length for some liquids. Results of
calculations of the rate of homogeneous nucleation for
the same size dependence of surface tension are pre-
sented in the same section for comparison.

2. THE MODEL OF POSITRONIUM 
NANOCAVITY

As was mentioned in Introduction, the models
described in [5–13] are physically equivalent; the only
reason for the discrepancy between results obtained
using these models and experimental data is incorrect
values of surface energy. Therefore, we consider first
the liquid–vapor interfacial boundary in the nanocavity.
We assume that the presence of positronium does not
change the properties of this boundary that is seemingly
warranted for not too small nanocavities whose sizes at
least several times exceed the intermolecular distance.
The assumption that the properties of interfacial bound-
ary (interfacial tension) are independent of the value of
external field is common for describing capillary phe-
nomena, because this effect can become significant
only in very strong fields [20, 21]. The surface of nano-
cavity is strongly curved; hence, we can use the model
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described in [17] and suggested for the description of
nanocavities in a homogeneous liquid. This model is
constructed by analogy with the small cluster model
[18] whose main concepts are as follows.

(1) All molecules comprising the cluster are divided
into internal and surface molecules.

(2) Surface molecules form the spherical layer
whose thickness is independent of the number of mole-
cules in a cluster. It is equal to 

 

λ

 

r

 

l

 

, where 

 

λ

 

 is the first
parameter of the model, 

 

r

 

l

 

 = (3/4

 

π

 

n

 

l

 

)

 

1/3

 

 is the radius of
molecular cell in a liquid, and 

 

n

 

l

 

 is the concentration of
molecules in the liquid.

(3) The average concentration of molecules in the
surface layer is assumed as equal to 

 

η

 

n

 

l

 

, where 

 

η

 

 is the
second parameter of the model.

(4) All additive thermodynamic functions of a clus-
ter are proportional to the number of internal and sur-
face molecules.

(5) The cluster containing one internal molecule
consists of 

 

N

 

 surface molecules where 

 

N

 

 is the coordi-
nation number for the liquid.

(6) The cluster containing less than 

 

ηλ

 

3

 

 molecules
consists of only surface molecules.

Parameters 

 

λ

 

 and 

 

η

 

 of the model can be expressed
via 

 

N

 

, the equilibrium constant of dimer formation,

 

K

 

2

 

(

 

T

 

) (

 

T

 

 is the temperature), surface tension 

 

σ

 

∞

 

(

 

T

 

)

 

 of
the plane liquid–vapor interface, and monomer concen-
tration 

 

n

 

1

 

∞

 

(

 

T

 

)

 

 in the gas phase at the saturation line:

where

and 

 

k

 

B

 

 is Boltzmann’s constant. In the region of the
state parameters that not greatly differ from the param-
eters of triple point, 

 

ω

 

 is almost independent of temper-
ature. Tolman’s length is expressed via parameters 

 

λ

 

and 

 

η

 

: 

 

δ

 

 = 

 

ηλ

 

 – 

 

λ

 

/2

 

; therefore, we can use two param-
eters, 

 

λ

 

 and 

 

δ

 

.
According to [22], from the microscopic point of

view, the transition from the vapor to liquid occurs at
the interface in a jumpwise manner: the density sharply
changes from the density of liquid to that of vapor.
However, the “instantaneous” surface profile of this
jump strongly fluctuates and, at each moment, is char-
acterized by a very complex pattern. The profile of
interface studied in statistical physics is obtained upon
the averaging of “instantaneous” profile over the time at
constant size of a cluster. In accordance with the data of
numerical experiments performed by molecular
dynamics method [23], the averaged thickness does not
depend on cluster size. This fact reflects concept (2) of
cluster model; moreover, it appeared that, at least for
the argon-like system, the averaged thickness is of the

λ N
ω
---- 3

4
---–

3
2
---, η–

ω
λ
----,= =

ω 4π
3

------
σ∞ T( )rl

2

kBT K2 T( )/n1∞ T( )[ ]ln
------------------------------------------------------,=

 

order of 

 

λ

 

r

 

l

 

. As was shown in [22], in the layer with
thickness 

 

λ

 

r

 

l

 

, the number of bonds for each molecule
averaged over the volume is close to two. The cluster
containing sufficiently large number of molecules has
the spherical core; the cluster containing small number
of molecules has no core and consists of only surface
molecules.

By its meaning, the model of cluster is reserved for
the description of its any sizes, from dimer to macro-
scopic droplet. The same universal behavior can be
expected also for the model of nanocavity, which is
based on the above model and is constructed by anal-
ogy with the cluster model. The proposed model sug-
gests that the nanocavity can be represented as a vac-
uum sphere of radius 

 

R

 

1

 

 (assuming that the density of
vapor is low) divided from the surrounding bulk liquid
by the spherical molecular surface layer with thickness

 

λ

 

r

 

l

 

; the average concentration of molecules in this sur-
face layer is equal to 

 

η

 

n

 

l

 

.
As well as for the cluster, the spherical layer with

thickness 

 

λ

 

r

 

l

 

 represents the time-averaged (at constant
equimolar cavity radius) instantaneous configurations
of distinct liquid–vapor interface. If the nanocavity is
large enough, the spherical volume with radius 

 

R

 

1

 

arises inside the nanocavity such that surface molecules
never fall in this volume. As the size of nanocavity
decreases, the fluctuations of its shape become so large
that given spherical volume ceases to exist; moreover,
the “instantaneous” shape of nanocavity sharply differs
from spherical. This case of supersmall cavity corre-
sponds to the cluster containing no core of internal mol-
ecules and, hence, does not go beyond the domain of
the applicability of nanocavity model for homogeneous
liquid. However, this is probably not the case for
positronium nanocavity, because positronium can
affect the instantaneous configuration of the surface of
supersmall cavity that is not taken into account by the
model under consideration. The results of calculations
for this case should be considered as the extrapolation
of the model to the region of its possible inapplicability.

Let us introduce the number of molecules 

 

g

 

0

 

 in the
transition layer, as well as the number of molecules

withdrawn from the vacuum sphere, 

 

g

 

1

 

 = /

 

, and

from the nanocavity as a whole, 

 

g

 

 =

 

 

 

/  (we will call
g the size of nanocavity). These numbers are connected
by relations [17]

(1)

and

(2)
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3 rl
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Relation (1) corresponds to the presence and relation (2),
to the absence of vacuum sphere in the center of nano-
cavity.

The model of nanocavity suggests that, as well as
for the cluster, all its additive thermodynamic functions
are proportional to the number of surface molecules
and molecules withdrawn from the vacuum sphere (at
g < (λ/2 – δ)λ2, only to the number of surface mole-
cules). For example, upon the formation of nanocavity,
for the change in Gibbs free energy we obtain (expres-
sion (38) in [17] at κ = –1)

(3)

where Φ∗ = (4π/3)σ∞  and g∗ = –8 /  is the

formation work of nanocavity and its critical size in the
classical theory of nucleation (cavitation) [19], respec-
tively; γeff = 2g0/3g2/3(λ + 2δ) is the reduced effective
surface tension (γeff  1 at g  ∞; in the classical
theory of nucleation, γeff ≡ 1); and pl is the pressure in a
liquid. The first bracketed term in expression (3) corre-
sponds to the surface; the second, to the bulk. Note that
both term vanish at g = g0 = 0.

Let us now write the expression for Gibbs free
energy for a system composed of positronium and
nanocavity in a liquid supplementing ∆Φ by the energy
of positronium in the well

(4)

where ε(g) = [E(Re) – U] and E(Re) = E(rlg1/3) is

the zero level of positronium energy in the potential
well.

To determine the value of E(Re), we use the model
described in [6] as the simplest model allowing to
obtain the stable radius of positronium nanocavity in
the analytical form. We suggest that positronium is
located in a spherical rectangular potential well at the
center of spherical vacuum cavity in a liquid. The
radius of potential well R∞ is larger than cavity equimo-
lar radius, R∞ – Re = ∆ > 0. The depth of potential well
counted with the reference to the energy of positronium
in a liquid is set by parameter U > 0. Let E > 0 be the
energy of the ground state of positronium in the poten-
tial well counted with the reference to the well bottom
(positronium is located at energy level E – U). Suggest-
ing that the well is deep, i.e., E/U � 1, and solving
Schrödinger equation at U  ∞, we find the wave
function of positronium

∆Φ 2
Φ*
g*
------- 3

2
---g*

1/3g2/3γ eff g( ) g– ,=

rl
2g*

2/3 σ∞
3 pl

3rl
3

∆Φ+ ∆Φ E Re( )+=

=  2
Φ*
g*
------- 3

2
---g*

1/3g2/3γ eff g( ) g– ε Re( )+ ,

g*
2Φ*
-----------

(5)

where r is the radial coordinate, and its energy [6]

(6)

where Ry is rydberg, and a0 is the Bohr radius.
Using the wave function of positronium (5), we can

relate R∞ with width Θ of the narrow component of
angular distribution of the spectrum of photons formed
as a result of positron annihilation [3]

(7)

In addition, one can calculate the lifetime of positronium
in the nanocavity, τPs. It is calculated from equation [6]:

(8)

where  = (π cZeffnl)–1 ≈ 0.5 ns is the lifetime of
positronium in the bulk liquid. In experiments, the val-
ues of Θ and τPs are usually measured that permits us to
estimate R∞ by formula (7) and then ∆ by Eq. (8). We
compare the calculated values of R∞ with the experi-
mental values of the same parameter assuming that the
∆ value obtained by the processing of experimental data
is known.

Let us consider the positronium nanocavity with
R∞ = 7.6 Å in a liquid argon. Then, we obtain E ≈ 0.02 Ry
that is much smaller than finite well depth U ≈ 0.3 Ry in
the model proposed in [14]. Temperature T is suffi-
ciently low (kBT/E ≈ 0.03) so that excited positronium
states could be ignored. Similar estimates remain to be
valid also for other liquids, thus justifying the assump-
tions made above.

Thus, thermodynamic properties of positronium
nanocavity can be obtained from expression (4) with
energy E(Re) set by relation (6). Note that expression (4)
remains to be valid, if E(Re) is understood as any addi-
tive to ∆Φ dependent on the cavity radius, for example,
the energy of electrostatic field of a charge placed at the
nanocavity center. Thereby, expression (4) should be
applicable not only to the description of positronium
nanocavity.

Figure 1 shows the Gibbs free energy of cavity for-

mation in a liquid argon, ∆Φ∗ = (∆Φ+ + U)/4πσ∞  at
plrl/3σ∞ = –0.1 (that corresponds to the negative pres-
sure in a liquid, pl = –166 bar at T = 86.4 K). Note the
marked difference in curves representing the results of
calculations performed using the classical theory of
nucleation and the model proposed in this work. Qual-
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itatively, these curves are similar to the dependence of
the formation work of cluster (bubble) on the ion on the
radius of cluster (bubble) [24] which has the maximum
and the minimum; however, the results of calculations
by formula (4) are significantly smaller than classical
values. Note that, for the bubble of critical size (unsta-
ble size corresponding to the maximum on the
∆Φ∗(g1/3) dependence), the difference of Gibbs free
energies referred to temperature is equal to 65. The pro-
posed and classical theories result in the difference
between the rates of cavitation of 28 orders of magni-
tude, because the rate of bubble formation (the rate of
cavitation) exponentially depends on the Gibbs free
energy-to-temperature ratio.

In addition, the size of critical cavity is smaller and
the size of stable nanocavity (the minimum of ∆Φ∗(g1/3)
dependence) is larger than the classical value. This is
explained by the fact (taken into account by Eq. (4))
that the surface tension for nanocavity is lower than for
the plane interface. As the surface tension lowers, the
unstable (larger) size decreases and stable (smaller)
size increases. Hereafter, we will be interested in the
stable size.

3. THE STABLE SIZE OF NANOCAVITY

The value of equilibrium size (both stable and unsta-
ble) is determined by condition d∆Φ+/dg = 0. Differen-
tiating expression (4), with allowance for relation

g∗/2Φ∗ = –3/4πpl , we obtain

(9)

Let us consider the case of g ≥ (λ/2 – δ)λ2. The deriva-
tive in the left-hand side of Eq. (9) is calculated using
equality dg0/dg = (dg0/dg1)/(dg/dg1) and relation (1):

rl
3

g*
1/3

λ 2δ+
---------------

dg0

dg
-------- 1

1

4π plRe
2

------------------ dE
dRe

---------.+=

g = (λ/2 – δ)(3  + 3λ  + λ2) + g1. Then, dg0/dg1 =
(λ/2 + δ)(2x + λx2), dg/dg1 = 1 + (λ/2 – δ)(2x + λx2),

where x = , and expression (9) can be reduced to

(10)

where

(11)

Considering formally Eq. (10) as the quadratic equation
with respect to x, we write its solution in the form

(12)

which is more convenient for the analysis. In contrast to
the result for homogeneous liquid (formula (39) in [17])
parameter g∗ enters into the right-hand side of Eq. (12)

instead of .

As follows from Eq. (6), dE/dRe = –π2 Ry(Re + ∆)–3;
hence, instead of Eq. (11), we obtain

(13)

According to Eq. (13), condition

(14)

is fulfilled, provided that equimolar radius Re is small
enough.

For example, for the positronium nanocavity in a
liquid argon at Re = 5.81 Å, ∆ = 1.78 Å, and |pl | = 1 bar,

π Ry/4|pl | (Re + ∆)3 = 330. We assume that condi-
tion (14) is always fulfilled. Then, equality (13) is
reduced to the form

(15)

where α = 8σ∞ /π Ry and ξ = ∆/rl. It is seen that 
of Eq. (15) is independent of pl.

As follows from Eq. (15), at g  ∞ (the limit of
the classical theory of nucleation),   ∞. Then,
from Eqs. (12) and (1), we obtain g∗ ≈ g1 ≈ g and,
instead of Eq. (15), we arrive at the equality

(16)
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Fig. 1. Gibbs free energy of cavity formation in liquid
argon: (1) classical theory of nucleation (γeff ≡ 1) and
(2) this work, relation (4).
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where  is the classical size of nanocavity. From this

relation at  � ξ, we obtain the rough estimate of

nanocavity radius: Re = rl  = rlα–1/4. This estimate
follows also directly from the condition of the mini-
mum of “classical” energy

Further we consider the case of g < (λ/2 – δ)λ2.
Here, derivative dg0/dg with g0 taken from Eq. (2) is cal-

culated easily and, instead of Eq. (12), we have  =

λ – 2δ. After the substitution of this expression for 
into Eq. (15), we find

(17)

Solutions of the system of transcendental equa-
tions (1), (12), and (15) and Eq. (17), enable us to cal-
culate stable size g of positronium nanocavities (or their
equimolar radius Re = rlg1/3) in various liquids with
allowance for the size dependence of surface tension.

4. RESULTS OF CALCULATIONS 
AND DISCUSSION

According to the results obtained in the preceding
section, in order to calculate the size of stable nanocav-
ity, in addition to macroscopic parameters of a liquid
(the density and surface tension of plane surface, which
were taken from [25, 26]), it is necessary to know two
microscopic parameters, λ and δ. Among all liquids, for
which positronium nanocavities were observed, there
are only two (water and liquid argon) with the known
values of these parameters. For water, δ = –0.232 and
λ = 1.554 [18]; for argon, δ = –0.42 and λ = 2.386 [22].

For these liquids, we calculated the values of
equimolar radius Re of a stable nanocavity. First, using
Eqs. (7) and (8), we calculated “experimental” values
of R∞ and ∆ from experimental data on the width of the
narrow component of the angular distribution of photon
spectrum and lifetime of positronium in a nanocavity
[3, 4]. In this case, the experimental error of determin-
ing R∞ was estimated from the data on the error of mea-
suring Θ. Then, the system of transcendental equa-
tions (1), (12), and (15) was solved using the obtained
value of ∆. The resultant values of the size of nanocav-
ity, g, allow us to calculate theoretical values of the
radius of potential well, Rtheor = Re + ∆ = rlg1/3 + ∆.
These values are compared in Table 1 with “experimen-
tal” R∞ [3, 4] and the values of the radius of potential
well calculated from the classical theory of nucleation,

Rcl = rl  + ∆, by solving Eq. (16). It is seen that the
difference between theoretical radius Rtheor and R∞
recalculated from experimental values of Θ does not go

gcl
1/3

gcl
1/3

gcl
1/3

d
dRe

--------- 4πσ∞Re
2 π2

2
-----

Rya0
2

Re ∆+( )2
----------------------+ 0.=

g̃*
1/3

g̃*
1/3

αg2/3 g1/3 ξ+( )3 λ 2δ.–=

gcl
1/3

beyond the limits of experimental errors. The values of
Rcl calculated disregarding the size dependence of surface
tension are markedly lower than experimental values. For
both liquids, we obtained small sizes of nanocavities g
(nevertheless, in this case, g ≥ (λ/2 – δ)λ2) and, conse-
quently, a decrease in the surface tension is large: γeff ≈ 0.5.

At the same time, the employed theory of strongly
curved interface predicts the effect of opposite sign,
i.e., an increase in the surface tension [18], for small
water clusters with the sizes of the same order of mag-
nitude. However, the magnitude of this effect is small,
so that, upon the calculation of the nucleation rate in
supersaturated vapor (the number of microdroplets or
clusters formed per unit time in unit volume and capa-
ble of unlimited growth) which is the most sensitive to
the magnitude of this effect, the discrepancy with the
classical theory of nucleation is negligible. Figure 2
demonstrates the dependence of nucleation rate J in
pure water vapor calculated using the model proposed
in [18] and referred to Jcl calculated by the classical the-
ory of nucleation [24] on the Gibbs free energy of the
formation of cluster with critical size Φm referred to
temperature. This figure shows also earlier [27] and
more recent [28, 29] experimental results concerning
temperatures above the triple point of water. Adequate
correlation between calculated and experimental data is
observed: the theory proposed in [18] describes the ten-
dency to the variations in the nucleation rate observed
in experiment better than the classical theory. The
nucleation rate of water within the temperature range
below the triple point has been studied in all recently
performed experiments (e.g., see [30]). No significant
deviation from the classical theory was observed in
these experiments; however, a high sensitivity of the
results of calculations to the extrapolation procedure of
the temperature dependence of surface tension does not
allow us to judge on the character of its size depen-
dence.

The homogeneous nucleation in the supersaturated
vapor of argon was studied in [31]. In this experiment,
the ratio of vapor pressure to the pressure of supersatu-
rated vapor at T = 85 K was equal approximately to 3
(remaining experimental points lie below the melting
point of argon). Under these conditions, the cluster of
critical size contains about hundred atoms. According
to [17], for such size, γeff = 1.06; i.e., the size effect is
smaller than the experimental error of determining σ∞
and its allowance does not lead to the noticeable differ-
ence from the classical theory of nucleation. Experi-
ment [31] qualitatively confirms this conclusion; how-
ever, large experimental error does not permit us to
quantitatively compare (by the nucleation rate) theoret-
ical and experimental size dependences of surface ten-
sion.

Thus, it turned out that, based on the unified notions
of strongly curved interface with positive or negative
curvature, it is possible to describe experiments where
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small clusters and nanocavities are formed without
introducing “adjustment” parameters.

The rest of liquids, where positronium nanocavities
were observed, at present cannot be described in detail
because of the lack of data on the values of parameters
λ and δ. However, for these liquids, one can estimate
these values based on values R∞ obtained from the pro-
cessing of experiments [3, 4]. According to [18], for
most of the substances, the values of parameter ω = δ +

 vary from 0.5 to 0.7. Assuming ω = 0.56, we choose

the values of parameter δ such that, for a given sub-
stance, the solution of the system of transcendental
equations (1), (12), and (15) or Eq. (17) satisfies condi-
tion Rtheor = R∞. The results of calculations are listed in
Table 2, where the radii of potential wells of positron-
ium nanocavities satisfying condition g < (λ/2 – δ)λ2

are marked by the asterisk. The values of Rcl obtained
from the solution of Eq. (16) are shown in this table for
comparison.

It is seen that, regardless of rather large experimen-
tal error (of the order of 10% for Θ), classical theory
gives regularly underestimated values of the radius of
potential well for all the liquids, thus testifying the

λ
2
---

inapplicability of classical theory. The absolute values
of Tolman’s length δrl estimated by the aforementioned
method are equal to several tenths of intermolecular
distance in a liquid; these values are negative. The val-
ues of such an order resulted usually from the calcula-
tions using different procedures developed for describ-
ing the structure of interface, for example, density func-
tional theory [32, 33]. Reasonable values of λ ≈ 1–2 are
also obtained for the thickness of interface (Table 2).

The λ and δ values listed in Table 2 can be used to
calculate the nucleation rates in the supersaturated
vapor of corresponding substances.

To explain much greater (compared to Rcl) values of
R∞, the values of Tolman’s length were used in [14] that
exceeded the absolute values of this parameter obtained
in this work almost by an order of magnitude (and dif-
fered in sign from the latter due to the fact the sign of
Tolman’s correction in [14] was opposite to generally
accepted sign). It is clear that, to describe positronium
nanocavities, it is not necessary to consider the δ values
that do not correspond to generally accepted values. It
is also seen from Table 2 that the sizes of nanocavities
are rather small, thus leading to a sharp decrease in sur-
face tension (to γeff ≈ 0.3). However, as was mentioned
above, results of calculations for supersmall cavities
should be considered as the extrapolation of theory to
the size range where it seems to be almost inapplicable.

According to [3], the size of nanocavity in liquid
helium g ~ 103. In this case, when calculating the stable
size, the size correction can be considered as negligible;
therefore, it is impossible to estimate λ and δ values for
helium. Because large radius R∞ = 19.3 Å [3] (in this
case, ∆ = 2.79 Å) is typical of liquid helium, condi-

tion (14) is not fulfilled (π Ry/4|pl |(R∞ – ∆)2  ~ 1
already at pl = 1 bar). Consequently, it is necessary to
allow for the Re(pl) dependence. Such an allowance
tends to markedly decrease Re. As was shown in [3],
“classical” calculation adequately describes the experi-
mental dependence of nanocavity size on the pressure
that is indicative of the applicability of thermodynam-
ics to the description of positronium nanocavities.

Seemingly, too large experimental error (20% for Θ)
leads to overestimated λ and |δ | values for hydrogen.

Positronium nanocavity can be considered as a stable
system, provided that thermal fluctuations of its radius are
small. Because the energy of positronium in the potential
well and the surface energy in the stable state are of the
same order of magnitude, it is sufficient to require the ful-
fillment of inequality E/kBT � 1, where E is determined by

a0
2 R∞

3

1

2

3

4
5

–3

40 45 50 55 60

–2

–1

log(J/Jcl)

Φm/kBT

Fig. 2. The rate of homogeneous nucleation in water vapor.
Calculation (T = 293 K): (1) classical theory of nucleation
[24] and (2) theory proposed in [18]. Experiment: (3) [28]
(T = 293–338 K), (4) [29] (318 K), and (5) [27] (290–320 K).

Table 1.  Parameters of positronium nanocavities in water and argon

Liquid ∆, Å Rtheor, Å R∞, Å Rcl, Å g γeff

Water 2.07 5.18 5.46 ± 0.5 4.90 4.21 0.53

Argon 1.78 7.59 7.58 ± 0.5 7.12 17.33 0.53
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relation (6), i.e., (π2/2)(Ry /kBT ) � 1. Under exper-
imental conditions for argon and water, E/kBT is equal
to 44 and 26, respectively. Condition E/kBT � 1 is also
fulfilled for the rest of considered liquids.

Note that the use of well depth U (instead of ∆ or as
a supplement for U) as a variable parameter does not
alter the situation qualitatively: the consistency of the
values of nanocavity radius and the lifetime of positro-
nium is impossible without the correct allowance for
the size dependence of surface tension.

In this work, we described positronium nanocavities
based on the summation of the energy of zero quantum

a0
2 R∞

2 level of positronium in autolocalization potential well
and the Gibbs free energy of nanocavity in a homoge-
neous liquid. Thus, good correlation between the calcu-
lated and experimental data confirms the basic concepts
of the theory of nanocavities, which seemingly should be
well applicable also to the description of analogous sys-
tems, e.g., nanocavities containing charged particles.
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Liquid R∞ , Å Rcl, Å g γeff ∆, Å λ δ
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n-Hexane 7.40* 6.66 2.86 0.42 2.10 1.69 –0.28
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n-Decane 6.70 6.23 1.35 0.48 1.98 1.32 –0.10
n-Dodecane 6.80* 6.16 1.20 0.43 2.03 1.39 –0.13
n-Tetradecane 6.60* 6.08 0.95 0.46 1.98 1.27 –0.07
Isooctane 6.90 6.56 1.86 0.55 1.93 1.31 –0.10
Neopentane 7.50 7.29 3.54 0.65 1.92 1.31 –0.09
Cyclohexane 6.80* 6.18 2.45 0.44 2.07 1.59 –0.24
Methyl cyclohexane 6.70 6.23 2.09 0.49 1.98 1.44 –0.16
Benzene 6.50 5.98 2.57 0.46 2.00 1.56 –0.22
Toluene 6.50 5.98 2.18 0.46 1.98 1.50 –0.19
Ethyl benzene 6.80* 6.00 2.09 0.38 2.13 1.69 –0.28
o-Xylene 6.50* 5.91 1.68 0.44 2.02 1.47 –0.17
m-Xylene 6.70* 5.98 2.06 0.40 2.05 1.62 –0.25
p-Xylene 6.70* 6.00 2.05 0.41 2.05 1.60 –0.24
Mesitylene 6.70* 6.02 1.91 0.41 2.05 1.56 –0.22
1, 2, 3, 4-Tetramethyl 
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6.60* 5.96 1.59 0.42 2.06 1.48 –0.18

Hexafluorobenzene 7.00* 6.28 2.73 0.41 2.01 1.69 –0.28
Tetramethylsilane 7.40 7.08 2.99 0.58 1.95 1.38 –0.13
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Ethanol 7.10* 6.35 5.38 0.41 2.10 2.00 –0.44
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