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1. INTRODUCTION

Study of the curved interfaces is an urgent problem
of the theory of capillary phenomena and kinetics of the
first-order phase transitions. As a rule, the nucleus of a
new phase has microscopic size; therefore, its surface
curvature substantially affects its properties. The theory
is based on classical works of Gibbs [1] and van der
Waals [2]; significant contribution to the branch of clas-
sical thermodynamics considering the boundary layer
between coexisting phases was made by Tolman [3],
Rowlinson and Widom [4], and others.

Stating general relations between the parameters
characterizing interfacial properties, classical thermo-
dynamics does not enable us to calculate these parame-
ters, because the number of equations turned out to be
less than the number of unknown variables. Such a sit-
uation does not seem surprising, since the thickness of
interface is of the order of several intermolecular dis-
tances and thermodynamics does not consider the mat-
ter on a microscopic level. By introducing parameter
characterizing the matter, Tolman succeeded in obtain-
ing corrections to surface tension in the limit of infi-
nitely small interface curvature [3]. In the same approx-
imation, it is possible to calculate correction to the for-
mation work of the nucleus of new phase and to extend
the results to the case of interface in the electromag-
netic field [5, 6]. Similar solutions are impossible for
the boundary with finite curvature.

To close equations of classical thermodynamics,
additional relations are required that connect micro-
scopic values introduced, as a rule, within the frame-
work of some model assumptions. Note first the van der
Waals theory of the surface [2] whose urgency is not
diminished until now [7]. The density functional theory

[8–10] is most widely used whose application suggests
that the thermodynamic parameters characterizing
cluster are the functionals of one-particle density
dependent on radial coordinate. The approaches dis-
cussed in [11, 12] should also be mentioned. In view of
the development of computer aids, increasingly impor-
tant role is played by the methods of numerical experi-
ments (e.g, see [13]). Detailed bibliography can be
found in [14, 15].

All these theoretical approaches allowed to give fur-
ther insight into the understanding of the properties of
the curved surface. However, the applicability of these
approaches is limited by the region of fairly small cur-
vature (large curvature radius) of interface. In this
work, we attempted to derive relations closing the
equations of classical thermodynamics, which would
allow to describe the system at any size of nucleus,
including minimal.

The proposed theory is based on the approximation
describing the cluster in dense vapors proposed in [16, 17].
The main assumption of the model is the representation
of a “hot” cluster as an object composed of particles of
two kinds such as the particles of a core and those form-
ing its surface layer. Clusters, which consist of ten or
fewer particles, are composed of merely surface parti-
cles and form virtual chains [18]. Using linear interpo-
lation between the cases of virtual chain and macro-
scopic droplet, we could derive the expression for the
partition function of the cluster of any size. This allows
us to calculate cluster concentration in the vapor and
the rate of homogeneous nucleation; the derived
expressions do not explicitly contain surface tension
whose notion is meaningless for very small clusters
within the framework of Gibbs–Rowlinson–Widom
approach. The relations derived were successfully
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applied for describing both natural and numerical
experiments [16–18].

The concept of particle division into surface and
internal particles was extended [13] to the surface with
negative curvature, i.e., to the cavity in a liquid. In this
work, based on the assumption that the surface part of
thermodynamic functions of a nucleus has the same
form for a cluster and a bubble, we derived the expres-
sion for the formation work of a cavity and its critical
size.

It is this expression that is used in this work for clos-
ing equations of classical thermodynamics that makes
it possible to calculate the true surface tension of the
curved surface at nucleus arbitrary size, as well as the
number of thermodynamic functions such as pressure
inside the cluster. It turned out that the true surface ten-
sion slightly differs from the tension of plane surface,
whereas the other value (effective surface tension deter-
mining the work of nucleus formation) is the sharp
function of its size. Therefore, the pressure inside the
cluster is determined by Laplace’s formula with the
coefficient of surface tension for plane surface (in this
work, it was measured using numerical simulation of a
cluster by the method of molecular dynamics); the size
correction to the concentration of critical nuclei deter-
mining the rate of phase transition is fairly high. Weak
dependence of the true tension on the curvature does
not allow to experimentally determine such an impor-
tant parameter as Tolman’s length, provided that the
value depending on true (but not on effective) surface
tension is measured.

The consequence of developed theory is the fact that
the work of cavity formation in the liquid vanishes upon
finite superheating and finite cavity size, in contrast to
the classical theory of nucleation where zero formation
work is reached upon infinite superheating and zero
cavity size. This makes it possible to extend the concept
of dynamic spinodal (the line where the work of
nucleus formation vanishes) to the case of cavity (bub-
ble) in a liquid.

In Section 2, the system of equations of classical ther-
modynamics is solved for the surface with positive and
in Section 3, with negative curvature; expressions for the
coefficient of surface tension, the pressure, and the work
of nucleus formation are derived. Results of the calcula-
tion of these parameters for various substances are pre-
sented in Section 4. Section 5 is devoted to the consider-
ation of “uncertainty relation” for determining nucleus
critical size and Tolman’s length with a maximal accu-
racy. Numerical experiment on determining the pressure
inside the small cluster is described in Section 6. The
results obtained are discussed in Section 7.

2. THE SURFACE WITH POSITIVE 
CURVATURE (CLUSTER)

The aim of this section is to construct the system of
equations describing the thermodynamics of convex

(with respect to liquid) interface (cluster surface). In
this case, to clarify the treatment, it is necessary to
partly repeat the concepts of classical thermodynamics
of surface (e.g., see [4]).

Let us consider a spherical boundary between
phases 

 

α

 

 and 

 

β

 

 assuming that the center of a sphere is
located in phase 

 

α

 

. One of the phases is a liquid, the
other one is a vapor. We assume that, at least near this
center, the matter is in the same state as in the bulk
phase 

 

α

 

. For this purpose, it is required that there
should exist some volume occupied by the molecules
whose interaction with the region of interfacial bound-
ary can be ignored. In this case, molecule concentration

 

n

 

α

 

 in this region is close to the concentration in corre-
sponding bulk phase. Let us also assume that the mole-
cule concentrations in phases 

 

n

 

α

 

 and 

 

n

 

β

 

 are sharply dif-
ferent. For example, if 

 

α

 

 denotes the liquid and 

 

β

 

, the
vapor, then 

 

n

 

α

 

 

 

@

 

 

 

n

 

β

 

. In addition, we assume that 

 

n

 

α

 

 is
independent of state parameters and the vapor is an
ideal gas: 

 

p

 

β

 

 = 

 

n

 

β

 

k

 

B

 

T

 

, where 

 

p

 

β

 

 is the pressure in phase

 

β

 

, 

 

k

 

B

 

 is Boltzmann’s constant, and 

 

T

 

 is the temperature.

It is known that clusters are always present in the
vapor at any state parameters. For the simplification of
formulas, we assume that their contribution to the equa-
tion of state is negligibly small. However, it can be
shown that, in the vapor, which is considered as an ideal
mixture of monomers and clusters, the contribution of
clusters is accounted for simply by the replacement of
total pressure 

 

p

 

β

 

 by monomer partial pressure in all
relations. For the most of substances, all formulated
conditions are fulfilled, at least, near the triple point in
the region of vapor and liquid coexistence.

For free energy 

 

F

 

 of a system, with allowance for the
presence of interface, we have [4]

 

(1)

 

where 

 

S

 

 is the entropy, 

 

V

 

α

 

, 

 

β

 

 and 

 

N

 

α

 

, 

 

β

 

 are the volumes
and numbers of particles in phases 

 

α

 

 and 

 

β

 

, respec-
tively; 

 

σ

 

R

 

 is the coefficient of surface tension on the sur-
face at distance 

 

R

 

 from the system center; 

 

s

 

 is the area
of this surface; and 

 

µ

 

α

 

 and 

 

µ

 

β

 

 are the chemical poten-
tials of molecules in phases 

 

α

 

 and 

 

β

 

, respectively. Coef-
ficient 

 

D

 

 in the fifth term of the right-hand side of Eq. (1)
describes the change in free energy 

 

F

 

 upon the variation
of surface curvature radius. It follows from Eq. (1) that

 

(2)

 

Square brackets in Eq. (2) denote the derivatives
with respect to radius 

 

R

 

 of imaginary surface dividing
the phases. Hence, 

 

σ

 

R

 

 depends both on the radius of
interface curvature and choice of the dividing surface.
However, 

 

R

 

 can be chosen so that, in the proximity of a
certain value 

 

R

 

 = 

 

R

 

s

 

, 

 

σ

 

R

 

 will be independent of 

 

R
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(3)

 

In thermodynamics, this surface is called the surface of
tension and the coefficient of surface tension 

 

σ

 

s

 

 is deter-
mined on this surface; this coefficient is further called
the true coefficient. At the surface of tension, Laplace’s
formula takes the simplest form [4]:

 

(4)

 

For the liquid–vapor system, Eq. (4) can be repre-
sented as

 

(5)

 

where 

 

κ

 

 = 1 at 

 

α

 

 = 

 

l

 

 (cluster in the vapor) and 

 

κ

 

 = –l at

 

α

 

 

 

=

 

 

 

v

 

 (cavity in the liquid); 

 

p

 

l

 

 and 

 

p

 

v

 

 

 

are pressures in
the liquid and vapor, respectively.

Let us introduce several definitions. On the equimo-
lar surface, where, by definition, adsorption is equal to
zero [4], we have

 

(6)

 

where 

 

G

 

( )

 

 is the total number of molecules of both

phases inside the sphere of fairly large radius . The

number of particles corresponding to 

 

R

 

e

 

 is 

 

g

 

 = / ,
where rl = (3/4πnl)1/3 is the radius of molecular cell in a
liquid, which we call cluster (cavity) size. As is known
[19], in the supercooled vapor (superheated liquid),
such a size (g = gcr) of a nucleus of new phase exists
(critical size) when larger nuclei grow and smaller
nuclei disappear. Below, we consider the states of
unstable equilibrium between nucleus surface and the
“mother” phase.

Tolman’s length is determined as a distance between
the equimolar surface and the surface of tension. Let us
introduce dimensionless Tolman’s length

(7)

where x = rl/Rs. Due to factor κ,  has the same sign in
the limit of large Re both for the cluster and the cavity.

Using Eq. (1), we write also equation describing the
dependence of σs on Rs [4]

(8)

where γtr = σs/σ∞ is the dimensionless true surface ten-
sion, σ∞ ≡ σs(∞). Evident boundary condition for Eq. (8)
has the form γtr (0) = 1.

The right-hand side of Eq. (8) is implicitly depen-

dent on the  value, which, generally speaking, is a

dσR
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1/3 x 1––( ),= =

δ̃

dγtr

dx
--------

γtr

x
----- 1

2
3
--- gcrx

3 1–( )+
1–

,=

δ̃

function of the curvature of interface, i.e., x (or gcr). The
pattern of this dependence is not determined in classical
thermodynamics; therefore, Eq. (8) turned out to be a
nonclosed equation. However, in the first approxima-
tion with respect to x ! 1 (infinitely small curvature),

the (x) dependence is insignificant and it can be writ-

ten that γtr = 1– 2δx ≈ 1– 2δ  and δ = (∞). As is
justly mentioned in [4], the absence of information on

the (x) dependence makes meaningless the attempts
to find next expansion terms of γtr in powers of x within
the framework of this approach. To find γtr (x) depen-
dence, it is necessary to have additional considerations
based on the specific model of the interface.

Before we formulate these considerations, let us
consider the dependence of γtr and x on the state param-
eters of a system. Writing the equilibrium conditions
for the plane and curved interfacial boundaries as µ∞α =
µ∞β and µRα = µRβ with allowance for equality dµ = n–1dp,
we obtain after integration

(9)

Equilibrium condition (9), together with Eq. (5), gives
the desired relation with the state parameters. For the
cluster in vapor (κ = 1), we obtain at nl @ nv

(10)

where Sv = nv /n1∞ is the supersaturation ratio (it is
assumed that Sv > 1) and n1∞ is the monomer concentra-
tion in the saturated vapor above the plane surface.
Relation (10) is called the Kelvin equation and can be
rewritten as

(11)

where

(12)

is the critical size in the classical theory of nucleation
[19] (g∗  is calculated with no allowance for the size
dependence of σs).

Equations (11) and (12) relate xγtr with the tempera-
ture and supersaturation ratio. These state parameters
are related to the cluster critical size gcr in the model
[18]. This model is based on the interpolation of cluster
chemical potential between the limiting cases of small
cluster (containing less than ten particles) and infinitely
large cluster (macroscopic droplet). For the small clus-
ters, virtual chain model is developed suggesting that
the number of bonds in a cluster is minimal. In terms of
this model, the partition function is exactly calculated
and determined by the equilibrium constant of the for-
mation of molecular dimer. The partition function of a

δ̃
gcr

1/3– δ̃

δ̃

pα p∞–
nl
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pβ

p∞
------.ln=
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3 T3 Svln
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macroscopic droplet is expressed via the thermody-
namic functions of continuous liquid (or saturated
vapor) and σ∞. In both limiting cases, the cluster chem-
ical potential appears to be a linear function of its con-
stituent particles. The interpolation is performed under
the assumption that the cluster is considered as a
nucleus composed of internal particles and the layer of
surface particles. This layer is characterized by the con-
stant concentration of molecules different from their
concentration in the liquid phase. The number of parti-

cles in the cluster g = /  (generally speaking, not
coinciding with the critical size) can be related to the
efficient numbers of particles in nucleus g1 and on the
surface g0 in the following way [16, 18]. Let us consider
the cluster with nucleus radius R1 and outer radius R2 of
the surface layer. We assume that the particle concen-
tration in the nucleus coincides with the concentration
in bulk liquid nl and the concentration in the surface
layer is equal to ηnl , where η is the parameter of a
model. Then

(13)

and from Eq. (6) we obtain

(14)

Introducing notation λ = (R2 – R1)/rl, rl = (3/4πnl)1/3,
δ = ηλ  – λ/2, and assuming that η @ nv /nl , we write

Eq. (14) as g = g0 + g1 and g0 = (λ/2 + δ)(3  +

3λ  + λ2). At R1 = 0 (g1 = 0), the cluster is composed
only of surface particles, g = g0. Hence

(15)

(16)

Here, λrl is the thickness of surface layer; parameter λ
is determined from the condition stating that the cluster
containing one internal particle is surrounded by the
number of surface particles g0 that is equal to the num-
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2
--- δ+ 
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=

ber of the nearest neighbors in a liquid z = (λ/2 + δ)(λ2 +
3λ + 3) + 1. Thus

(17)

where, as was shown in [16, 18],

(18)

represents the ratio between the densities in the surface
layer and in cluster core and K2(T) is the equilibrium
constant of dimer formation. Usually, λrl is of the order
of interparticle distance in a liquid. Note that, as was
shown in [20], the δ value in Eqs. (15)–(18) coincides
with Tolman’s length for the plane surface.

Expression for the chemical potential of the cluster
containing g particles (µg ≡ gµRα) was derived in [18]

(19)

where  =  and M is the mass of mono-
mer molecule,

(20)

σeff is the effective surface tension and µl =

kBTln(n1∞ ) is the chemical potential of a molecule in
a liquid.

Using the law of mass action

(21)

we obtain cluster size distribution

(22)

where the value

(23)

will be called the work of nucleus formation (subscript +
denotes the positive curvature, κ = + 1). Since µl – µ1 =
–kBTlnSv , it also follows from Eq. (21) that

(24)

Equation (24) corresponds to the evident representation
of the change in the Gibbs free energy of a system (at
constant temperature and pressure); however, the expres-
sion for the contribution of surface Σ is nontrivial.

Let us consider the cluster of critical size. Because
it is in the state of equilibrium (albeit unstable) with the
vapor, we have
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(25)

where  and  are the frequencies of the adher-
ence of vapor particles to the cluster and their evapora-
tion, respectively, related by the detailed balance equa-
tion

(26)

Note that Eq. (26) contains cluster equilibrium concen-
trations differing from those that are typical of nonequi-
librium nucleation. Equation (26) is the extrapolation
of thermodynamic relations to the nonequilibrium
region which implies that the evaporation frequency

 depends only on temperature and is independent of
the fact whether the entire system is in the equilibrium
state. This extrapolation is commonly accepted in the
theory of nucleation.

From Eqs. (25) and (26), we obtain  =  or

(27)

Hence, ∆Φ+ has the extremum (maximum) at g = gcr.
Differentiation of Eq. (23) yields

(28)

Equilibrium conditions (10) and (28) are equivalent;
hence, we can conclude that

(29)

Calculating derivative in Eq. (28) with allowance for
Eqs. (15) and (20), we can arrive at the expression relat-
ing gcr with the state parameters of system [20]

(30)

Equations (8), (11), and (30) represent the closed sys-
tem whose solution determines, in particular, depen-

dences γtr (gcr) and .

Note that, in contrast to the classical theory of nucle-
ation, the work of cluster formation vanishes at finite

supersaturation  and critical size . Indeed, as fol-

lows from Eq. (30), g1 = 0 for  = 2ω and  = ωλ2,

g0 = . Then, from Eq. (23) we have equality ∆Φ+ = 0;

at g < , ∆Φ+ is the linear function of g and, hence,
has no extremum. Using definitions (12) and (18), we
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S̃v g̃cr

g*
1/3 g̃cr
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obtain the equation of dynamic spinodal in the form of

 = K2/n1∞ or simply n1 = n2. This equation is in good
agreement with that derived from the van der Waals
equation [16]. In the classical theory of nucleation [19],
the work of cluster formation

(31)

vanishes only at g∗  = 0 (Sv = ∞).

3. THE SURFACE WITH NEGATIVE CURVATURE 
(CAVITY)

Let us now consider cavities that can be formed dur-
ing the boiling of superheated liquid or its rupture at the
presence of high negative pressures. The problem of
cavity is not completely analogous to that of cluster,
because, first, in contrast to the cluster, the pressure in
a liquid is set as an external parameter and, second, the
cavity size is related to the volume where there are no
particles; therefore, it is not an integer and can be less
than unity.

Let us consider the equilibrium condition for the
cavity. At α = v  and β = l (κ = –1), in the case of low
pressures in the liquid pl ((p∞ – pl)/nlkBT ! 1), we
obtain from Eqs. (5) and (9)

(32)

where p∞(T) is the pressure at the saturation line corre-
sponding, as in the case of cluster, to the plane inter-
face. It can be easily seen that Eq. (32) remains valid
also in the case of high negative pressures –pl @ p∞ .
Introducing cavity critical size in the classical theory of
boiling [21]

(33)

we represent Eq. (32) in the form of Eq. (11) [in the
classical theory of nucleation, the work of cavity for-
mation is still given by relation (31)].

Similarly to the case of cluster, the dependence of
the surface tension of the cavity on its size is deter-
mined by Eq. (8) and equilibrium condition (32). Nec-
essary relation closing the system of equations and con-
necting cavity critical size with the state parameters is
derived from the extremum condition of the work of
cavity formation ∆Φ– (sign minus denotes the negative
surface curvature). Let us write ∆Φ– in the following
form:

(34)

where coefficients B and C are independent of the cav-
ity size.

As is seen from Eq. (20), the surface contribution to
thermodynamic functions is proportional to the number
of particles g0 on the surface that is the main concept of
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the model under consideration. This makes it possible
to suggest that the Σ value in Eq. (34) is also determined
by relation (20). However, relations (15) and (16) are no
longer valid for the cavity, because the cavity is charac-
terized by the number of ejected particles. Assuming
that the vapor in the bubble and the liquid are divided
by the layer with thickness λrl with particle concentra-

tion ηnl , for G( ) we obtain relation

(35)

Then, from definition (6) and relation (35) with allowance
for η @ nv /nl, we arrive at g = (λ – 2δ)g0/(λ + 2δ) + g1,

g0 = (λ/2 + δ)β, where g = (4π/3) nl is the bubble
equimolar size. At g1 = 0, we have g = (λ – 2δ)g0/(λ + 2δ).
Thus, the cases of cluster and bubble can be combined
as follows [13]:

(36)

(37)

where κ = 1 for the cluster and –1 for the cavity.

Differentiating Eq. (34) with respect to g and com-
paring the result with Eq. (32), we obtain with allow-
ance for Eq. (29) B = (pl – p∞)/nl. Evidently, the forma-
tion of zero-sized cavity corresponds to zero work;

hence, C = –4πσ∞ /3ω. Accounting for Eqs. (20),
(31), and (34), we can write the universal expression for
the formation work of cluster or cavity ∆Φ(g) in the
form

(38)

where γeff = σeff /σ∞; at κ = 1 g∗  is determined by expres-
sion (12), and at κ = –1, by Eq. (33). The formation
work of critical-sized nucleus is equal to ∆Φcr
= ∆Φ(gcr).

R

G R( ) 4π
3

------R1
3nv

4π
3

------ R2
3 R1

3–( )ηnl+=

+
4π
3

------ R2
3

R2
3–( )nl.

Re
3

g

λ 2κδ+
λ 2δ+

-------------------g0 for g
λ
2
--- κδ+ 

  λ2<

λ
2
--- κδ+ 

  β g1 for g
λ
2
--- κδ+ 

  λ2,≥+








=

g0

λ 2δ+
λ 2κδ+
-------------------g for g

λ
2
--- κδ+ 

  λ2<

λ
2
--- δ+ 

  β for g
λ
2
--- κδ+ 

  λ2,≥








=

rl
2

∆Φ g( ) 2
Φ*
g*
------- 3

2
---g*

1/3g2/3γeff g( ) g– 1+=

+
κ 1–

2
------------ 1 g*

1/3

λ 2δ+
---------------– 

  ,

Writing equilibrium condition d∆Φ/d  = 0, we

obtain from Eq. (38) the universal expression for the
nucleus of critical size

(39)

Equation (39), together with Eqs. (8) and (11), forms
the closed system allowing to find dependence γtr (x) for
any sign of interfacial curvature.

Similarly to the case of cluster, one can derive the
equation of dynamic spinodal for the liquid–vapor tran-
sition, using Eqs. (38) and (39). Let us consider the rup-
ture of liquid by the high negative pressure –pl @ p∞. At
κ = –1, it follows from Eq. (39) that g1 = 0 and ∆Φ(g) ≡ 0

at  = λ – 2δ; hence, we can find minimal critical

size  = (λ/2 – δ)λ2, g0 = (λ/2 + δ)λ2, and the dimen-
sionless pressure at the spinodal line

(40)

As in the case of cluster, in the classical theory of cavi-
tation [21], ∆Φ = 0 at p∗  = –∞; i.e., the work of cavity
formation does not vanish at finite pressures.

4. RESULTS OF THE CALCULATION 
OF THE SIZE DEPENDENCE 

OF SURFACE TENSION

Equations (8), (11), and (39) with allowance for
Eqs. (12), (33), (36) and (37) were solved numerically
for an argon-like system (the particle interaction is
described by the Lennard-Jones potential), mercury,
water, and cesium. For the argon-like system, tempera-
ture was 0.75e/kB , where e is the depth of interparticle
interaction potential well (see Section 6); for mercury,
water, and cesium, the temperature corresponded to the
triple points of these substances. The values of param-
eters δ and λ were taken from [16, 20]. Equation (8)
was integrated within the limits of cluster sizes,  ≤
gcr < ∞. According to the “two-phase” model of inter-
face [13], the lower limit of integration is the minimal
size at which the cluster has nonzero core, and nonzero
region filled with vapor still exists in the cavity inside a
liquid. However, at  = gcr, phase α can hardly be con-
sidered as a continuous medium, which is suggested
both in classical thermodynamics and in this work.
Actually, this suggestion turned out to be fulfilled at
much larger gcr @  values (see Section 6); therefore,

the results of integration near  should be considered
as the extrapolated data.
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Figure 1 demonstrates the calculation results for the
argon-like system: the reduced true coefficient of sur-
face tension γtr and the same quantity in linear (with

respect to rl/Re) approximation (γtr = 1 – 2δ ). The
effective reduced coefficient γeff [see formula (20)] is
also shown in this figure. It is seen that, both for the
cluster and the cavity, linear approximation seems to be
quite sufficient for describing the size dependence of γtr

throughout the gcr range except for the sizes approach-
ing  at which, as was mentioned above, the theory
goes beyond the domain of its applicability. It is also
seen that the transition from the cluster to the cavity is
almost equivalent to the sign reversal for δ (curves 3
and 5 are almost symmetric with respect to horizontal
axis). On the contrary, size dependences of γeff for the
cluster and the cavity differ qualitatively: γeff for the
cluster has the maximum and for the cavity, decreases

monotonically; curve γeff( ) for the cavity does not
coincide with the similar curve for the cluster with
opposite sign of δ.

Calculation results of γtr for the argon-like system are
compared with the results for real substances in Fig. 2. As
in Fig. 1, the symmetry of curves for the cluster and the
cavity with respect to horizontal axis is violated mainly
due to the noticeable differences in the corresponding

 values. For mercury, δ > 0; therefore, γtr increases
with the size for the cluster and decreases for the cavity.

gcr
1/3–

g̃cr

gcr
1/3–

g̃cr

For cesium, |δ| ! 1; as a result, γtr slightly differs from
unity.

Figure 3 represents Tolman’s length  [Eq. (7)] for

different substances as a function of . Note the
universal behavior of the curves: each curve has one
extremum, the maximum for the cluster and the mini-
mum for the cavity. For cesium, in view of the fact that
|δ| ! 1, these extrema are slightly noticeable so that the

curves resemble separatrices. Note also that  varies
sharply and this parameter even can change its sign.
This is qualitatively confirmed by the calculations
using the density functional theory [10]. Hence, the

assumption that  is independent of Rs , which is occa-
sionally used for the integration of Eq. (8), is unac-
ceptable.

Figure 4 shows nucleus critical size gcr in the argon-
like system as a function of critical size g∗  in the clas-
sical theory of nucleation. It can be also obtained upon
the combined solution of Eqs. (8), (11), and (39).
Because g∗  is a function of only temperature and pres-
sure, Fig. 4 gives the dependence of gcr on the state
parameters. As is seen from this figure, the critical size
slightly differs from the value calculated with no allow-
ance for the size dependence of surface tension (curve 3),
except for the size range close to . Reasons for this
circumstance are discussed in Section 6.

The weak effect of size correction to the surface ten-
sion on the critical size (Fig. 4) seemingly complicates
the problem of determining the value of parameter δ
from the data on the critical size in experiment (real or
numerical). However, there is an important reason
which does not fundamentally allow for determining δ
from the data on gcr or any other parameter proportional
to the true coefficient of surface tension. Let us consider
this reason.

5. MINIMAL INDEFINITENESS 
OF EXPERIMENTAL DETERMINATION 

OF CRITICAL SIZE

Because the critical nucleus of a new phase is in the
state of unstable equilibrium with the surroundings, this
state decays sooner or later. Any experiment with such
a system is reduced to the observation of the kinetics of
decomposition. For example, to determine, in a numer-
ical experiment, the cluster critical size at fixed tem-
perature and pressure, one can observe the size evolu-
tion of the specified cluster with time at various initial
values of its size [27]. If the cluster initial size g is
small, the cluster evaporates completely; if g exceeds
a certain gcr value, the cluster tends to unlimited
growth. The growth and evaporation are equiprobable
within some range near gcr. Let us estimate the limits
of this range.

δ̃
gcr
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Fig. 1. Coefficients of surface tension for the argon-like sys-
tem: (1, 4) effective coefficient γeff, (3, 5) true coefficient
γtr, and (2, 6) true coefficient in the linear (with respect
to rl/Re) approximation. (1, 2, and 3) refer to cavity; (4, 5,
and 6), to cluster.
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The motion of cluster in a size space Rg = rlg1/3 is
explained by the random processes of condensation and
evaporation of the particles of gaseous phase on the
cluster surface. In this case, the averaged (over time)
fluxes of condensing and evaporating particles, gener-
ally speaking, differ and depend on Rg . Hence, the clus-
ter makes both random walk and ordered motion in the
size space. The position of cluster in this space can be
characterized by the probability density f(t, Rg) of the
occurrence in size range from Rg to Rg + dRg . Function
f(t, Rg) satisfies the Fokker–Planck equation

(41)

where D∗  is the diffusion coefficient of cluster in the

size space and  is the averaged rate of its growth

(  = 0 at g = gcr).

The evaporation (condensation) of one particle on
the cluster surface causes its displacement in the size

space by the |∆Rg| ≅  /3  value over time ∆t ≅  1/2  =
4/snvvT , where vT = (8kBT/πM)1/2 is the thermal veloc-

ity of a molecule, M is its mass, and s = 4π  is the
cluster surface area. Thus, we can estimate the diffusion
coefficient

(42)
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Let us write the equation of cluster growth averaged

over time that is much longer than 1/

(43)

where J+ = (1/4)snvvT and J– = (1/4)sns(Rg)vT are the
averaged fluxes of particles condensing and evaporat-
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Fig. 2. True coefficient of surface tension: (1, 1') Lennard-
Jones fluid, (2, 2') Hg, (3, 3') H2O, and (4, 4') Cs. (1, 2, 3),
and (4) refer to cluster; (1', 2', 3', and 4'), to cavity.
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Fig. 3. Tolman’s length as a function of surface curvature:
(1, 1') Lennard-Jones fluid, (2, 2') H2O, (3, 3') Cs, and
(4, 4') Hg. (1, 2, 3, and 4) refer to cluster; (1', 2', 3', and 4'),
to cavity.
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Fig. 4. Critical size of nucleus in the argon-like system as a
function of state parameters: (1) cavity, (2) cluster, and
(3) classical theory of nucleation (gcr = g∗ ).
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ing from the cluster surface, respectively; and ns(Rg) is
the concentration of vapor in equilibrium with the clus-
ter of radius Rg . Ignoring the size dependence of σs , we
obtain from the Kelvin equation (10) Re =

2σ∞/nlkBTln(ns ) and R∗  = 2σ∞/nlkBTln(Sv ). Then,
at Rg ≅  R∗ , we have

(44)

where l = Rg – R∗ . From Eq. (44), we obtain the aver-
aged rate of growth:

(45)

As is seen from Eq. (45), in a rather small vicinity of
point Rg = R∗  within the (R∗  – l/2, R∗  + l/2) range, the
cluster ordered motion [the second term in the right-
hand side of Eq. (41)] can be neglected compared with
the random walk described by the first term in the right-
hand side of Eq. (41). Beyond this range, the relation-
ship is, evidently, opposite; i.e., the cluster motion is
ordered. Hence, l is the desired length of the (Rg – l/2,
Rg + l/2) range of cluster initial radii, inside which the
cluster growth and evaporation are equiprobable; i.e.,
this is the maximal accuracy that allows to determine
the critical radius. To estimate the l value, note that, at
the boundary of the range under consideration, the first
and second terms in the right-hand side of Eq. (41) have

the same order of magnitude: D∗ f/l2 ~ f/l. Then, we find

(46)

Estimate (46) can be obtained in a different way. It
is seen from the equation of cluster growth (45) that it
is unstable near the Rg = R∗  point. The time of increas-

ing instability is equal to τi = (3/π)R∗ / lnSvnvvT. During
this time, the cluster moves in the size space over dis-
tance l ~ (D∗ τi)1/2 = (kBT/4πσ∞)1/2 that coincides with
Eq. (46).

Confining ourselves to the allowance for the linear
(with respect to rl/Re) correction to the critical radius
related to the size dependence of surface tension, we

write Rcr = rl  = R∗ (1 – δrl/R∗ ). Hence, the value of
this correction is equal to l∗  ≡ Rcr – R∗ = –δrl. It is evi-
dent that δ can be determined in the experiment, pro-
vided that this correction is much larger than l: |l∗ |/|l| =
δrl/l @ 1. Hence, we finally obtain

(47)
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It is seen from Eq. (47) that parameter κ0 is maximal
in the triple point where temperature is minimal and the
surface tension is maximal. Therefore, this point is the
most suitable for determining δ. However, even in this

point, the δ  value is equal to 0.7, 1.7, 1.4, and 0.04
for water, mercury, argon, and cesium, respectively; for
the argon-like system, this parameter is equal to 0.8 at
T = 0.75e/kB. Hence, strong inequality (47) is not ful-
filled for any of these substances.

It is seen from the estimate shown above that the
ratio between the minimal error of experimental deter-
mination of Rcr and the correction for the size depen-
dence of surface tension is on the order of unity or
larger. Therefore, the indefiniteness in value of Rcr does
not seem to be much smaller than the correction for cur-
vature, thus making fundamentally impossible to deter-
mine δ from the data on the value of critical radius. The
same speculation can be applied to all thermodynamic
parameters proportional to γtr , for example, to the
Laplace pressure difference (5). Hence, we arrive at the
conclusion that the correction to the curvature exceeds
(for these values) the accuracy and should not be
accounted for in the specific calculations of the kinetics
of phase transition. The foregoing is illustrated by the
results of numerical experiment.

6. THE PRESSURE INSIDE CLUSTER. 
NUMERICAL EXPERIMENT

It is interesting to compare the data of numerical
experiment with the conclusion formulated in the pre-
ceding section that the results of classical thermody-
namics of the curved surface, in essence, are excessive
in the accuracy and the size correction to the surface
tension can be disregarded. Moreover, it is important to
study the clusters of minimal sizes, because this con-
clusion is evident in the macroscopic limit.

In this work, we used the method of molecular
dynamics in the (P, T) ensemble. The procedure of
numerical experiment is described in detail elsewhere
[17] and is as follows. Simulated system representing
the cluster placed in the vapor with fixed average val-
ues of concentration and kinetic energy is located in a
spherical cell. The system is open: at the cell bound-
ary, the particles reaching this boundary from within
the cell are removed and the vapor particles directed
inside the cell with the Maxwell velocity distribution
are generated. The cluster growth is initiated in the
cell center; the parameters studied are registered in the
process of cluster evolution. Unlike traditionally used
microcanonical ensemble (e.g., see [22]), the (P, T)
ensemble is more convenient, because the entire size
spectrum of clusters (from large to tiny) is monitored
in the process of simulation. In addition, such a simu-
lation corresponds to the conditions of natural experi-
ment.

κ0
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It is assumed that the particle interaction in the
argon-like system is set by the pair additive short-range
Lennard-Jones potential

(48)

where rc = 2.5a is the cut-off radius, e and a are the
potential well depth and length scale, respectively. To
diminish the effect of cluster temperature fluctuations
on the results, we used the modified method of Ber-
endsen thermostat [17]. The simulation cell radius was
chosen as equal to R = 16a.

Potential (48) with the aforementioned rc value is
often employed in the study of argon-like system; fairly
accurate information on its properties is available. Sys-
tem temperature was taken as equal to 0.75e/kB where
kB is Boltzmann’s constant. Particle concentration in
vapor was set as nv = 0.013a–3 that, at the above tem-
perature, coincides with the saturation pressure [23, 24].
Under these conditions, clusters composed initially of
3500 particles completely evaporated in the process of
their evolution; their current equimolar size was calcu-
lated using procedure described in [20].

In this work, the pressure inside the cluster is deter-
mined in numerical experiment and compared with the
calculated value within the framework of proposed

model. It follows from Eq. (39) that  ≅  (1 –

κδ ) in the first approximation with respect to

; therefore, Rs/rl = (1 – κδ ) ≅  (1 –

2κδ ). With allowance for σs ≅ σ ∞(1 – 2κδ ),
Lapalace’s formula (5) can be written as

(49)

where pv = nvkBT. As is seen from Eq. (49), for a fairly
large nucleus, the pressure difference depends only on
the state parameters entering into g∗  and is independent

of δ. However, error q = 2σ∞[(Re – l/2)–1 – (Re + l/2)–1]
in determining ∆p arises in the numerical experiment

when equimolar radius Re = rl is calculated. The
lower limit of this error is calculated using formula (46)

(50)

The pressure difference in continuous phases
appears in Laplace’s formula. However, if the clusters
are small, the question arises where the “continuous”
phase is located. According to [13], the particles consti-
tuting clusters are divided into two groups sharply dif-
fering in the properties, namely, the surface and internal
particles. In accordance with the criterion formulated in
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[13], particle 1 with radius-vector r1 (the coordinate
origin is in the center of cluster mass) is the internal par-
ticle, provided that there exists at least one particle 2 with
the number of bonds greater than four and coordinate r2
such that conditions

(51)

(52)

are fulfilled.
In this case, the bond is defined as the presence of

neighbor particle at a distance that does not exceed a
certain value rb . Particles that are not internal are the
surface particles.

Evidently, the surface particles do not belong to the
continuous phase. However, those internal particles that
are located near the surface and interact with surface
particles also cannot belong to the continuous phase,
because their environment is anisotropic. Ambiguously
determined pressure tensor is usually introduced to
characterize bulk interactions in the positions of such
particles [4]. Apparently, only such a region can be con-
sidered as isotropic inside which neither of particles
belonging to the surface have neighbors located at a
distance shorter than rc, that is, no particle belonging to
this region interacts with the surface. Let us consider
this condition as sufficient to form continuous phase. In
this case, the use of criteria (51) and (52) allows us to
study the clusters of minimal sizes.

The number of particles in the isotropic region is
denoted by Nc and their concentration, by nc. The pres-
sure inside cluster was calculated by the known formula
using the virial theorem

(53)

where the angle brackets denote the averaging, and
summation is performed over the particles in the isotro-
pic region. Dependence pl(g) was determined in the
course of numerical experiment. For this purpose, each
realization of evaporation of the cluster with the pre-
set initial size was repeated manifold; the average
virial –(Nc)–1 (du/drij) and the number of parti-
cles N0 inside the sphere with radius rc drawn around
the cluster center of mass (concentration nc was calcu-

lated by formula nc = 3N0/4π ) were registered at time

interval τ0/2, where τ0 = a  is the characteristic
time of molecular dynamics. The values of concentra-
tion and virial were averaged over all realizations for
each size of cluster g followed by the averaging over the
interval g ± 0.04g. Then, pressure pl was calculated
using formula (53). Note that the use of particles, which
do not constitute isotropic region, for estimating virial
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sharply changes the averaged pl value; i.e., it would
lead to erroneous results.

Results of determining the dependence of ∆p on g
obtained from 20 realizations of cluster evaporation are
shown in Fig. 5. Relatively high scatter of the data of
numerical experiment is attributed to the high level of
virial fluctuations reaching the decimal order of magni-
tude; hence, the convergence in the averaging in Eq. (53)
is rather slow. The number of realizations used in this
work was considered as sufficient, because the scatter
of data shown in Fig. 5 is of the order of indefiniteness
q upon finding the ∆p value set by relation (50). Under
the conditions of our numerical experiment, this value
is of the order of 5%. Data of simulation are compared
with the results calculated by Laplace’s formula using
the solution of Eqs. (8), (11), and (39). In this case, the
value of σ∞ = 0.48e/a2 [23, 24] was used for the coeffi-
cient of surface tension of argon-like liquid.

Note the satisfactory agreement between the data of
numerical experiment shown in Fig. 5 and those calcu-
lated by Laplace’s formula up to minimal value g cor-
responding to condition Nc = 1 (the right-hand side
boundary on the abscissa). This figure illustrates also
the conclusions drawn in Section 5. The scatter of
numerical simulation data and the difference between
these data and the values obtained in calculations by
Eq. (5) and ∆p = 2σ∞/g1/3rl seems to be of the same
order of magnitude set by estimate (50). It is seen that
the correction to the size dependence of surface tension
is fairly small so that there is no reason to account for
this correction.

In the numerical experiment under consideration,
only the cluster initialized at the onset of realization is
close to the state of equilibrium with the vapor; smaller
clusters are in nonequilibrium state (the study of each
size gcr in the equilibrium state needs too bulky calcula-
tions). This causes additional sources of experimental
error. The first of these sources is related to the determi-
nation of equimolar radius Re . In accordance with the
rule stated in [20], Re = rlg1/3, where g is the number of
particles each of which has at least one neighbor
belonging to the same cluster at a distance no longer
than rb . The rb value is chosen so that the averaging of
instantaneous values g corresponds to the equimolar
size. Evidently, the error in determining Re correspond-
ing to this rule is no less than l.

The other source of error is the nonequilibrium state
of the cluster and the vapor. Pressure in the evaporating
cluster can be different than that in the equilibrium
cluster; the particle concentration and pressure in non-
equilibrium vapor are difficult to control. However, the
assumption that the rate of cluster evaporation is inde-
pendent of vapor pressure used commonly in the theory
of nucleation and the fact that, in this experiment pv ! pl,
make it possible to suggest that the effect of nonequilib-
rium state is fairly small. Finally, the error in estimating
the δ value taken from [20] and which is used when
solving Eqs. (8), (11), and (39) can be considered as
another source of error.

Note that the experimental error leads only to the
shift of data along the ordinate axis and does not affect
the slope of experimental dependence ∆p(g–1/3), which,
in accordance with Eq. (49), is determined by the σ∞
value. Finding σ∞ from the slope of the dependence
obtained in the experiment in question, we arrive at the
value that almost coincides with that obtained in [23, 24]
(0.48e/a2). Compression of the cluster by the Laplace
pressure increases the density in its center that is illus-
trated by Fig. 6. Extrapolation of dependence nc(g–1/3)
to the limit g  ∞ (continuous liquid) gives value nl =
0.76a–3 that is also rather close to the quantity reported
in [23, 24].

Hence, if the cluster size is large enough to deter-
mine the pressure inside the cluster, it corresponds to
Laplace’s formula; then, Tolman’s length cannot be
determined from the data on pressure.

7. DISCUSSION

As was shown in the preceding sections, all values
dependent on true coefficient of surface tension change
but slightly upon the allowance for interfacial curva-
ture. On the contrary, the values dependent on the effec-
tive coefficient change considerably. Among these val-
ues is the work of nucleus formation (38). Let us con-
sider the case of cavity in a liquid. Figure 7 shows the
work of cavity formation in the argon-like liquid as a
function of cavity size calculated by Eq. (38) and by the
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Fig. 5. Laplace pressure difference inside the argon-like
cluster: (1) calculation by Eq. (5), (2) calculation with no
allowance for the size dependence of surface tension (γtr ≡ 1),
and (3) simulation by molecular dynamics.
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classical theory of nucleation ∆Φ = Φ∗ (g/g∗ )2/3[3 –

2(g/g∗ )1/3] [19]. As is seen, at p∗  = 0.7 , these depen-

dences are qualitatively similar; however, at p∗  = ,

the maximum in size dependence (38), in contrast to

p̃*
p̃*

classical theory, is absent. The patterns of correspond-
ing dependences for other substances are qualitatively
similar. It is natural to identify the disappearance of
maximum in dependence ∆Φ(g) with the achievement
of spinodal. The  values for various substances are
listed in the table where they are compared with the p∗
values on the spinodal calculated from condition
(∂ /∂ )T = 0 using the van der Waals equation  =

θ [(1 – /3)–1 – 9 /8 ], where  = p/pc ,

θ = kBTcρc/pcM,  = T/Tc ,  = ρ/ρc , pc , Tc , and ρc are
the critical pressure, temperature, and density, respec-
tively. Note that the extrapolation of data for water and
argon spinodals [25] to the temperatures of triple point
yields the values close to those calculated by the van
der Waals equation. Generally speaking, the aforemen-
tioned conditions determining spinodals refer to the
different properties of a substance; therefore, the 
values calculated by two procedures can differ sharply.
However, all the  values are of the order of unity.
Good correspondence between similar spinodals for the
vapor–liquid transition was mentioned in [16].

Figure 8 demonstrates the dependence of the forma-
tion work for the critical nucleus of new phase [i.e., the
height of the maximum on dependence (38)] on the
nucleus size. Note that ∆Φcr depends on the critical
rather than the “current” g size, as in Eq. (38). If tem-
perature and pressure in Eq. (38) are assumed to be
fixed, they are not constant in Fig. 8 and correspond to
the g∗  and gcr values entering into this equation. Quali-
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Fig. 6. Particle concentration in the center of the argon-like
cluster: (1) simulation by molecular dynamics and (2) linear
approximation obtained by the least-square method.
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Fig. 7. The work of cavity formation in the argon-like liquid
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0.7 . (1, 2) This work and (1', 2') classical theory of
nucleation.
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(1, 2, 3, 4) Refer to cluster, (1', 2', 3', 4') refer to cavity, and
(5) refers to the classical theory of nucleation. 
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tative difference between the classical theory of nucle-
ation and considered model is evident: all curves vanish
at gcr = ; at κδ > 0, the dependences are monotonous;
at κδ < 0, they have maximum. At δ ≈ 0, the depen-
dences for cluster and cavity are almost indistinguish-
able (cesium), although slight deviation from the clas-
sical theory of nucleation is observed even in this case.

Let us estimate the influence of size effect on the
rate of nucleus formation J. As is known, this rate is
substantially determined by the processes of heat and
mass transfer, as well as by the kinetics of nonstation-
ary processes [21]. Without detailed consideration of
the processes occurring upon the formation of cavities
in a liquid, we confine ourselves to a very rough esti-
mate that gives us some indication of the magnitude of
size effect. In accordance with the classical theory of
nucleation, we assume that in the case of stationary
nucleation J ~ exp(–∆Φcr/kBT). Upon the formation
of  cavity in a liquid, J ~ 1 (cm3 s)–1, provided that
∆Φcr/kBT ~ 80. In this case, the rate of cavity formation
calculated using Eq. (38) is higher than the rate Jcl  ~
exp(–Φ∗ /kBT) calculated by the classical theory of
nucleation by 14, 9, 29, and 24 orders of magnitude for
water, cesium, argon, and argon-like system, respec-
tively (state parameters are the same as in the table). For
mercury, J is lower than Jcl by nine orders of magni-
tude. In the considered model, the p∗  value required to
reach J ~ 1 (cm–3 s)–1 is smaller than this value in the
classical theory of nucleation by 16, 11, 26, and 23%
for water, cesium, argon, and argon-like system,
respectively; for mercury, p∗  is larger by 15%. Hence,
the size effect can be rather significant and its sign can
be different for different substances.

Thus, we can conclude on the existence of two coef-
ficients of surface tension, namely, true and effective.
The size effect is rather weakly pronounced for the true
coefficient and coefficient-dependent parameters, but it
is significant for the effective coefficient and relevant
parameters. The reason for such a situation is as fol-
lows. To close the equations of classical thermodynam-
ics (8), (11), and (39), we used the relationship between
gcr and g∗  [Eq. (39)]. As was shown in [10], the expan-

sion of cluster critical size in powers of  does not
contain the second-order term

(54)

g̃*

g*
1/3–

gcr g* 1 3δg*
1/3–– 4δ3 5

4
---δλ2– 

  g*
1– …+ + .=

The second-order term also falls out of the expression
for cavity critical size. As a consequence, gcr ≈ g∗  vir-

tually throughout the cluster range  ≤ gcr < ∞; as a
result, σs ≈ σ∞.

On the contrary, the expansion of the work of cluster
formation, which is calculated using model representa-
tions independently of Eqs. (8), (11), and (39), contain
the second-order term [10]

(55)

therefore, size corrections to the effective surface ten-
sion related to ∆Φ+ by Eqs. (20) and (23) are large. The
same is true for the cavity in a liquid.

The dependence between two surface tension coef-
ficients is set by relation (29). Disappearance of the sec-

ond-order term with respect to  upon the differen-

tiation of Σ can be interpreted as a “loss of information”
on the surface properties.

The results obtained can be compared with the
results of measuring the critical size of argon-like clus-
ter in numerical experiments performed by the methods
of molecular dynamics [17] and Monte Carlo [26]. In
accordance with Fig. 4, the critical size only slightly
differs from that calculated with no allowance for the
size dependence of σs. It was pronounced most dis-
tinctly in [17] where the minimal critical size was as
low as 40 particles.

The dependence of σs on the reduced cluster radius
was calculated in [10] by the density functional theory.
According to [10], it is difficult to restore the relation
between the cluster radius and the number of constitu-
ent particles; therefore, these results cannot be com-
pared directly. However, it can be mentioned that, for
the clusters whose size exceeds approximately a thou-
sand of particles, σs obeys Tolman’s asymptotics

σs ≅  σ∞(1 – 2δ ); in the range of sizes on the order
of several hundreds of particles, σs drops sharply. Evi-
dently, this drop is attributed either to the specificity of
Yukawa interparticle potential used in this work or to
the inapplicability of the density functional theory at
small radii of a cluster.

Thus, we can conclude that the size corrections that
are known in the classical thermodynamics of the
curved surface do not increase the accuracy of calcula-
tions in the nucleation theory. In this case, size effects
can be clearly pronounced upon the formation of clus-
ters and cavities in liquid that has been taken into
account in the developed theory.
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Values of pressure  for various substances at the temper-
ature of triple point

Substance H2O Hg Ar 

 (van der Waals) 0.49 0.68 0.97 

 (this work) 0.99 2.88 0.58 
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