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INTRODUCTION

The determination of the surface tension of curved
surfaces is a traditional problem of thermodynamics
and statistical physics [1, 2]. One of the most important
applications of such studies is to the kinetics of first-
order phase transitions [3–5]. The rate of the formation
of new phase nuclei (clusters for spontaneous bulk con-
densation, or nucleation, and bubbles for cavitation) is
a very sharp function of surface tension, whereas the
nuclei themselves are small. Quite a number of qualita-
tive features of nucleation and cavitation therefore can-
not be explained without taking into account correc-
tions for the size of nuclei.

As far back as 1949, Tolman used thermodynamic
considerations to show that the surface tension of a
curved interface 
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)

 

 depended on the radius of curva-
ture 

 

R

 

 as [6]
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 is the surface tension of a plane bound-
ary and 

 

δ

 

 is the parameter called Tolman length. The 

 

δ

 

value cannot be determined within the framework of
thermodynamics. However, it should clearly be of the
order of the thickness of the interphase boundary; that
is, of the order of several intermolecular distances.

In spite of a large number of works concerned with
curved interphase boundaries, there is no generally
accepted view on the problem of their description,
largely because systems containing curved boundaries
are either finite-size systems or systems in the state of

 

unstable

 

 equilibrium (as is known, the formation and
decay of such metastable states is the usual mechanism
of first-order phase transitions [1]). Generally, thermo-
dynamics is inapplicable to both finite-size systems and
nonequilibrium states. For this reason, attempts at ther-
modynamically describing curved surfaces always con-
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tain internal inconsistencies. In essence, precisely these
inconsistencies have long (for more than half a century)
been the subject of controversy. In particular, the cor-
rectness of (1) is questioned. Indeed, the size-depen-
dent surface tension 
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 in it depends on the position
of the imaginary surface that separates phases [2]. It
follows that 
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R

 

)

 

 in (1) is not a physically observable
quantity. The approach taken in [6] also contains other
inconsistencies. For instance, it is assumed that, far
from the interface, the densities and the other thermo-
dynamic characteristics of the phases equal their values
in continuous media. This assumption cannot be correct
for one of the phases if the radius of curvature is finite,
and it is unclear in what region the exact equality
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/(
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 + 2
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 is applicable at small 

 

R

 

.
Indeed, there are indications that this equality is invalid
at least when the expansion of 
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≅
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(1 – 2

 

δ

 

/
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 can-
not be truncated at the first-order term in 

 

1/

 

R

 

 [2].

In an alternative approach, only the surface with an
infinite radius of curvature 

 

R

 

 is considered and the
asymptotic behavior of thermodynamic values is stud-
ied. In their expansions in powers of 

 

1/

 

R

 

, only those
terms are retained that correspond to physically observ-
able quantities [2]. This approach also has its weak
points, but certain inconsistencies inherent in Tolman’s
theory are removed. In particular, if only the first term
is retained in the expansion of 
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)

 

 in powers of 

 

1/

 

R

 

,
the 
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R

 

)

 

 value becomes independent of the selection of
the separating surface and is therefore an observable
quantity. This approach is used in the present work.

Considering the aforesaid, no wonder that, even for
the simplest argon-like system, 

 

δ

 

 values obtained by
different methods not only substantially differ in mag-
nitude but also have different signs, in particular,
because expressions for calculating 

 

δ

 

 usually have the
form of the difference of two values, both of which are
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Abstract

 

—The Tolman length 

 

δ

 

 and a similar 

 

δ

 

E

 

 parameter for the first-order term of the expansion of the clus-
ter surface energy in powers of reciprocal cluster radius were found in the framework of the thermodynamic
model of small clusters by calculating their critical size. For simple liquids, both parameters were expressed in
terms of the interparticle interaction potential and the number of nearest neighbors. The 

 

δ

 

 values for several
substances are reported. The size dependence of the internal energy of argon-like clusters was determined by
the method of molecular dynamics. The 

 

δ

 

E

 

 value obtained by analyzing this dependence was in satisfactory
agreement with the estimate obtained for the thermodynamic model. The Tolman length of an argon-like system
was found to be –0.42 

 

±

 

 0.1

 

 in units of the radius of the molecular cell in the liquid.
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much larger than 

 

δ

 

. The 

 

δ

 

 values are usually obtained
based on some 

 

a priori

 

 assumptions or with the use of
the apparatus of statistical physics; often, density func-
tional methods are used. Various analytic methods were
also applied to calculate the Tolman length for several
systems [7–13]. Microscopic equations for 

 

δ

 

 were used
to determine it in molecular dynamics numerical exper-
iments [2, 14, 15].

Attempts at determining 

 

δ

 

 in real experiments were
made in [16–19]. The data of these work are, however,
insufficient to unambiguously determine the magnitude
and sign of 

 

δ

 

. Indeed, at fairly small 

 

R

 

, when the influ-
ence of surface curvature on 

 

(

 

R

 

)

 

 is sufficiently large
to be recorded in experiments, Eq. (1), which is used to
analyze data, is inapplicable. At large 

 

R

 

, at which (1) is
an acceptable approximation, the curvature effect is
weak and cannot be identified against the background
of the errors of measurements.

A thermodynamic model of arbitrary small-sized
clusters that allows their thermodynamic functions to
be estimated was constructed in [20–22]. This model
does not include the surface tension concept, which, as
mentioned, is meaningless for small clusters. Neverthe-
less, the relation between the expansions of the thermo-
dynamic functions of clusters in powers of 

 

1/

 

R

 

 in this
model and in classical thermodynamics is of interest.
Through studying this relation, we can, for instance,
determine Tolman length 

 

δ

 

 and a similar 

 

δ

 

E

 

 value
present in the expansion of the internal energy of a clus-
ter. In this work, this is done by comparing the sizes of
clusters that are in unstable equilibrium with supersat-
urated vapor (that is, by comparing the critical sizes of
clusters). Further, the method of molecular dynamics is
used to determine the dependence of the internal energy
of an argon-like cluster on its size in the region where
this dependence is appreciable. Treating this depen-
dence in terms of the thermodynamic model of small
clusters yields the 

 

δ

 

E

 

 value. A comparison of the 

 

δ

 

E

 

value obtained in this way with its theoretical value
[20–22] allows the reliability of theoretical predictions
to be checked.

THE CRITICAL SIZE OF CLUSTERS 
IN CLASSICAL THERMODYNAMICS

Here, the equation for the critical size will be
derived based on classical thermodynamics. Consider a
one-component two-phase system formed by a large
cluster (drop) that exists in unstable equilibrium with
ideal supersaturated vapor. We call this cluster a critical
one. The origin will be placed at the center of mass of
the cluster surrounded by an imaginary sphere of a
large radius ( ). In thermodynamics, the notion of

equimolar radius 

 

R

 

e
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 is introduced; 

 

R

 

e

 

 equals the
radius of the cluster, whose density profile has the form

σ̃
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of a step function. By definition [1, 2], 
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e

 

 satisfies the
equation
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where 
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 and 
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are the densities of the continuous liq-

uid and gas phases, respectively, and 

 

G
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 is the total

number of molecules within the sphere of radius .
The equimolar radius of the cluster will be introduced
in the form 

 

g

 

e

 

 = (
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/
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3

 

, where 

 

r

 

l

 

 = (3/4

 

πnl)1/3. Equa-
tion (2) can then be rewritten as

(3)

The ge value equals the number of molecules that we
assume to constitute the condensed phase; it is taken that
Re,  – Re  ∞; that is, deep inside the cluster, the den-
sity of the condensed phase is attained, and, far from the
cluster, the density equals that of the vapor phase.

By definition [2], surface tension  is determined
by the surface part of the grand canonical potential Ωs =

Ω – (4π/3)R3ωl – (4π/3)(  – R3)ωv, where Ω is the
total potential of the system; ωl and ωv are the poten-
tials of unit volumes of the condensed and gas phases,
respectively; and R is the conventional interphase
boundary

(4)

Here, A = 4πR2 is the area of the interphase boundary, T
is the temperature, V is the volume, and µ is the chem-
ical potential.

The  value depends on R [2]

(5)

where square brackets denote the dependence on the
position of the conventional interphase boundary, and
Rs corresponds to the surface of tension at which the
pl – pv = 2 [Rs]/Rs Laplace equation is satisfied exactly
(pl and pv are the pressures inside and outside the clus-
ter far from its surface).

Let us define the dimensionless Tolman length as

(6)

(the usual definition is δ = Re – Rs). It follows from (5)
that, at large R,  is independent of R accurate to terms
first-order in the δrl/R parameter; therefore,  is an
observable physical quantity. The asymptotic equation
for the size dependence of  has the form

(7)
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where ρe = .

On the equimolar surface, we can introduce the spe-
cific surface energy [1]

(8)

where Es = E – (4π/3)R3el – (4π/3)(  – R3)ev is the sur-
face part of the total internal energy E and el and ev are the
internal energies of unit volumes of the condensed and gas
phases, respectively. Substituting (7) into (8) yields

(9)

where

(10)

is an analogue of the Tolman length for internal energy,
σE = (∞).

The critical cluster radius Rs is given by the Kelvin
equation

(11)

where k is the Boltzmann constant, S is the degree of
vapor supersaturation, and p∞(T) is the saturation pres-
sure over a plane surface. Substituting (6) and (7) into
(11) yields the critical size gcr in the first order with

respect to ,

(12)

Here, g∗  is the critical size calculated without taking
into account the size dependence of surface tension;
this parameter is introduced in the classical theory of
nucleation [3–5] and assumed to be large, g∗  @ 1.

THE CRITICAL CLUSTER SIZE
IN THE GENERALIZED MODEL

OF VIRTUAL CHAINS

In the model described in [20–22], a cluster is
treated as a nucleus comprising ge–g0 molecules sur-
rounded by a layer of g0 surface molecules. The model
is based on the virtual chain approximation [22],
according to which clusters are fractal-like chains of
bound chains of atoms. Similar structures formed in
aerosols were studied in [23].
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The gas phase is assumed to be an ideal mixture of
clusters of various sizes ge present in the equilibrium
concentrations

(13)

where n(1) is the concentration of monomers, and the
function

(14)

called “effective surface tension,” is introduced for con-
venience. The number of surface molecules (g0) in (14)
is given by the equation

(15)

where the ω and λ parameters are defined as

(16)

K2(T) ≡ n2(1)/n(2) is the equilibrium constant of the
dimer, n1∞ is the concentration of monomers in satu-
rated vapor over a plane surface, z is the number of
nearest neighbors in the liquid phase, ω is the density
ratio between the surface layer and the nucleus of the
cluster, and λrl is the thickness of the surface layer. If
intermolecular interaction potential u(r) is pair and
additive,

(17)

Here, rb is the criterion of the bound state (see below);
in (17), it is the distance at which two molecules are
still considered a dimer.

The critical cluster size is determined by the equal-
ity of the fluxes of molecules undergoing condensation
on the surface of the cluster and vaporizing from it,
[d∆Φ(ge)/dge]ge = gcr = 0 [20, 21]. Let us calculate this
derivative taking into account (13) and (15). Solving
the resulting equation with respect to gcr yields

(18)

We are interested in the asymptotic behavior of gcr at a

large cluster size. Expanding (18) in powers of 
yields

(19)
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A comparison of (19) and (12) shows that the Tolman
length

(20)

coincides with the coefficient of the first term in the
expansion of effective surface tension (14) in powers of

 in [20, 21].

Equation (20) solves the problem formulated above.
It expresses the Tolman length in terms of macroscopic
and microscopic values known for many substances.
Some δ values are listed in Table 1. The data on water
and mercury are taken from [21], those on cesium, from
[20, 24], and on argon, from [25]; the ω value for argon
was calculated using σ from [26]. For comparison, the
table contains the data on an argon-like system with a
12-6 Lennard-Jones interparticle interaction potential
(see below). According to Table 1, |δ| < 1; δ can take on
both positive and negative values. In conformity with
the asymptotic definition of the surface tension of a
curved surface used in this work, negative (positive)
Tolman length values mean that the surface tension of
a cluster increases (decreases) as the size of the cluster
becomes smaller.

Note that expansion (19) does not contain terms sec-

ond-order in , and the coefficient of the third-order
term is not too large. This means that the first approxi-

mation gcr ≅  g∗ (1 – 3δ' ) gives a fairly high accuracy
(on the order of several percent) even for comparatively
small clusters (gcr * 100). It follows that the knowledge
of the Tolman length is sufficient for estimating the size
of nuclei in the theory of nucleation. For cavitation, the
first approximation provides even a higher accuracy.
The expansion of the potential barrier that the critical

cluster has to surmount in powers of , however,
contains a second-order term,

(21)

δ δ' ω λ/2–= =

ρe
1–

g*
1/3–

g*
1/3–

g*
1/3–

∆Φ g*( ) Φ* 1 6δg*
1/3– ---–≅

+
5
4
---λ2 12δ2– 2

2δ λ+
---------------– 

  g*
2/3– 5

2
---δλ2 8δ3– 2+ 

  g*
1– .+

Here, Φ∗  = g∗ ln  is the barrier height in the classical
theory of nucleation, which is of the order of 40–60
under typical nucleation conditions. As the rate of
nucleation is proportional to exp[–∆Φ(g∗ )], the first

approximation with respect to  is certainly insuffi-
cient for calculating it or the rate of cavitation even if
g∗  = 1000.

Expansions (19) and (21) show that the thermody-
namic functions of a curved surface cannot be repre-
sented by expansions in powers of δ/ρe (or δ/ρs, where
ρs = Rs/rl = ρe – δ), because, starting with the second-
order term, the coefficients of the expansion also
depend on λ. This follows from the expansion of effec-
tive surface tension (14) in powers of 1/ρs,

(22)

As distinguished from the Tolman theory [6], in which

(ρs)/σ = ρs/(ρs + 2δ) ≅  1 – 2δ/ρs + 4δ2/ , the second-
order term in (22) depends on both δ and ω.

The expansion of (14) in powers of 1/ρe

(23)

allows the range of the applicability of approximation (1)
to describing all thermodynamic characteristics of a
cluster to be determined (this range is narrower than
with the critical size). On the assumption that the
required accuracy is attained if the third term on the
right-hand side of (23) is ten times smaller than the sec-
ond, we obtain ρe * 15ω|2 – ω/δ|. For an argon-like
Lennard-Jones system (Table 1) this gives ge * 105.

Next, consider the internal energy of the cluster. It is
shown in [22] that the mean potential energy U(ge),
which differs from the internal energy by an insignifi-
cant constant of a constant-temperature ensemble, is
written exactly like the Gibbs energy,

(24)

where  is the mean potential energy of a molecule in
a continuous liquid, and the number of surface mole-
cules ( ) and the ωE parameter are given by

(25)

S
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ωE
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3
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2

U 2( ) u–
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Table 1.  Parameter ω and Tolman length δ for various
substances at the tripe point and at T = 0.75ε/k for the argon-
like Lennard-Jones system (L-D)

Substance ω –δ

H2O 0.546 0.232

Hg 0.783 –0.218

Cs 0.782 0.008

Ar 0.663 0.529

L-D 0.773 0.420
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Here, λE = (z/ωE – 3/4)1/2 – 3/2. For systems with pair-
additive interparticle interactions, the mean potential
energy of a dimer is

(26)

The  and g0, ωE and ω, and λ and λE values have the
same physical meaning. They, however, do not coincide
because the separation of cluster molecules into inter-
nal and surface [20, 21] is conventional and determined
by the thermodynamic function under consideration,
although they are, as a rule, close to each other.

Assuming that |ev | ! |el | for a short-range potential
and, therefore,

(27)

and using (9), (24), and (25), we obtain

(28)

for g  ∞. The U(ge) value is reliably determined in
numerical simulations, which allows δE to be found.

NUMERICAL SIMULATION

The potential energy of clusters in a wide range of
their sizes was determined numerically by molecular
dynamics simulation of a (P,T) ensemble. The proce-
dure, similar to that used in [22, 27], was as follows.
The argon-like system to be modeled was a cluster
placed in vapor with fixed concentration and kinetic
energy mean values. The system was open; that is, at
the boundary of the cell, particles that reached this
boundary from the inside were removed, and vapor par-
ticles penetrating into the cell were generated. In the
absence of a cluster, a Maxwell particle velocity distri-
bution corresponding to given pressure and tempera-
ture values was established. In the center of the cell, a
cluster was initiated, and the values of interest were
recorded during its evolution.

To compare the results of this study with the most
recent Tolman length determinations by the method of
molecular dynamics, we used the same interparticle
interaction potential as in [14],

(29)

U 2( )

u r( )r2 u r( )
T

----------–exp rd

0

rb
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r2 u r( )
T

----------–exp rd

0

rb
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g0E

E ge( ) U ge( ) 3/2( )kTge+≅

δE ωE

λE

2
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σ
σE

------T
d ω λ/2–( )ln

dT
--------------------------------–= =

u r( )
v r( ) v rc( ), r– rc≤
0, r rc,>




=

v r( ) 4ε a12

r12
------- a6

r6
-----– 

  .=

Here, the cutoff radius is rc = 2.5‡, and ε and a are the
depth and the characteristic size of the potential,
respectively. Potential (29) is most often employed in
studies of argon-like systems, which allowed us to use
the literature data on the surface tension of this system.
The temperature was set at 0.75ε/k (the same tempera-
ture was used in [14]), the cell radius was R = 16a, and
the concentration of vapor was varied in the range nv =
(0.008–0.016)a–3.

Under the specified conditions, the critical cluster
size was *103. In simulation experiments, the initial
cluster size was 1000; during the evolution, the cluster
was completely vaporized. Estimated vapor concentra-
tion effects on the potential energy showed that weak
effects were only observed for clusters comprising less
than 20 particles, probably because of the strongly non-
equilibrium character of such clusters. In addition, at
very high vapor concentrations, its nonideality mani-
fested itself, and, at very low concentrations, the proce-
dure for thermal cluster stabilization showed poor per-
formance (these effects were discussed in detail in [22,
27]). During simulations, each realization was repeated
many times; values of interest were recorded at time
intervals of τ0/2, where τ0 = a(M/24ε)1/2 is the character-
istic molecular dynamics time and M is the particle mass.

The surface tension or surface energy can only be
determined if we know the position of the equimolar
surface (equimolar cluster size). The properties of
small clusters cannot, however, be described by contin-
uous phase characteristics such as density. In addition,
it follows from definition (3) that, for the (P, T) ensem-
ble under consideration, a change in the number of
vapor particles in the cell, which changes G( ), also
changes ge. It follows that the “instantaneous” equimo-
lar radius Re and size ge notions are meaningless, and
(3) should be understood in the sense of averaging over
the ensemble of realizations. But the averaged ge value
cannot be used to describe the dynamics of processes
occurring in the system.

The question arises whether we can find such a clus-
ter size definition that would be applicable to small
clusters while transforming into ge in the limit of large
clusters. A definition, in particular, applicable to clus-
ters that cannot be approximated by a drop was sug-
gested in [28]; a particle was considered a cluster parti-
cle if there existed at least one more cluster particle at
a distance not exceeding rb from the first one. This cri-
terion was augmented by the condition of interparticle
interaction potential cutoff at distance rb. In this way, a
certain number of cluster particles (g), obviously inde-
pendent of the number of vapor particles, was put in
correspondence to each instantaneous configuration of
particles. It was shown in [29] that, if rb ~ 2a, g changes
insignificantly under small rb variations. The definition
suggested in [28] was used in works of various authors,
in particular, in [22, 27].

The rb parameter in this definition is determined by
the potential cutoff radius, which makes this criterion

R
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inapplicable to potentials that vanish. We will deter-
mine rb differently; its value will be selected such that,
for g  ∞, the equality

(30)ge g rb( )=

is satisfied. The g(rb) dependence was studied in
numerical simulation experiments conducted as
described above. In these experiments, g and “instanta-
neous” equimolar size (3) were simultaneously deter-
mined at a fixed rb value; for each g, ge was found by
averaging over the ensemble of realizations. The rb
value was varied in series of numerical experiments.
The simulation results obtained with potential (29) are
summarized in Figs. 1–3. Figure 1 shows that, at a suf-
ficiently large g value (g * 200), the dependences of
g/ge on rb take on the value 1 at rb ≅  1.7a. These are also
inflection points at which the tangents to the corre-
sponding curves are virtually parallel to the abscissa
axis. For this reason, equality (30) is satisfied with accu-
racy of about 1% for the rb values in the range 1.5a–1.9a,
and the equimolar size is virtually indistinguishable
from the size according to Stillinger [28]. For smaller
clusters, the dependence on rb becomes noticeable, but
even for them, g/ge ~ 1 in the rb range specified above.

In the same series of experiments, the radial distri-
bution function f(r) = (4πnlr2)–1(dN/dr) for particles in
the center of a large cluster was determined; here, N is
the number of particles at a distance not exceeding r
from the center of mass (Fig. 2). The first f(r) minimum
is observed at rmin = 1.6a, which approximately corre-
sponds to the middle of the distance between the first
(at r ≅  21/6a) and second (at r ≅  27/6a) f(r) maxima. The
radial distribution function in the center of the cluster is
close to that in a continuous liquid starting with g >
100. Note that rmin is close to the rb value obtained
above. This result can be explained by the nearly equal
mean distances between a particle and its nearest
neighbors both close to and far from the cluster surface.
For a plane interphase boundary, this case was dis-
cussed in [30].

In this work, we used the rb = 1.65a criterion, for
which the ge(g) dependence was determined in simula-
tion experiments (Fig. 3). The difference between ge and
g decreases as g increases [in the range 300 ≤ g ≤ 1000,
the mean relative deviation is very small, 〈(g – ge)/g〉  =
–1.7 × 10–5]. At small g, the difference between ge and
g is noticeable, probably because the equimolar size
notion then becomes meaningless and because small
clusters exist in a state which is farther from equilib-
rium than that of large clusters.

It follows that there is such a range of rb parameter
values at which the equimolar size of a cluster compris-
ing several hundred atoms coincides with the Stillinger
radius. The definition of g then satisfies asymptotic con-
dition (30) formulated above and can be used to deter-
mine the mean potential energy of clusters. According to
(27), the energy of a unit surface area is [22]

(31)

The U(g) values were determined in numerical simula-
tion experiments by many times repeating cluster

σ̃E g( ) 1

36π( )1/3
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g
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1.0 r/a1.4 1.8
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0

f(r)

g = 900 450

100

Fig. 1. Ratio between the cluster size according to Stillinger
and the equimolar size as a function of the rb parameter for
various g values. Symbols are numerical experiment values,
curves are their approximations by cubic parabolas.

Fig. 2. Radial distribution function in the center of mass of
clusters of different sizes g.
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vaporization and averaging over the ensemble of real-
izations for each g value.

RESULTS AND DISCUSSION

The procedure was repeated until the values deter-
mined by data processing (see below) ceased to vary by
more than 1% when the number of realizations was
doubled (it was found that the assumption |ev | ! |el | did
not introduce a noticeable additional error). At the
parameter values specified above and nv = 0.009, 40
realizations were necessary in which the total cluster
evolution time was of the order of 105τ0. Simulta-
neously, the  = 4.737ε and nl = 0.76 values were
found. These values were used to calculate the energy
of unit surface areas (open circles in Fig. 4). Further,
this energy was estimated by (24)–(26), and a numeri-
cal procedure was used for selecting such σE and z val-
ues at which the sum of the squares of the differences
between the (g) values calculated by (24)–(26) and
obtained in numerical experiments was minimum. The
calculation results are summarized in Table 2 and
shown in Fig. 4.

It has been mentioned above that attempts at deter-
mining δ in experiments encounter serious difficulties.
This, in full measure, also refers to numerical experi-
ments under consideration. Indeed, according to Table 2,
δE < 0; that is, (g) has a maximum (at g ~ 103–104).

At the maximum, (ge) exceeds σE by only several
percent, which prevents δE from being determined with
high accuracy in the region of very large g values. At
small g, the effect of surface curvature is substantial,
but there are systematic discrepancies between calcula-
tions by (24)–(26) and numerical data in the range of g
values 6 ≤ g ≤ 30, which also decreases the accuracy of
determining δE . These discrepancies arise because of
the model assumption that, at g ≤ z, clusters have a min-
imum number of bonds g – 1, whereas, at g > z, this
number increases in a jump, which leads to Eq. (24). In
reality, the state of small clusters is a superposition of
states with different numbers of bonds, and the fraction
of states with a large number of bonds smoothly increases
as g grows [22]. Accordingly, U(z) < (z – 1)U(2), and
U(2) can be considered the third model parameter
rather than calculated by (26).

If the effects described above played the key role in
determining δE , the parameters found for different
intervals of g variations and at different U(2) values
would certainly be different. Table 2, however, shows
that there is no such difference. In different g intervals
and when U(2) is varied more than one and a half times,
δE has the same sign and changes less than two times.
Note that the curves constructed for parameter values
taken from different rows of Table 2 virtually coincide.
It follows that (24) fairly accurately describes the size
dependence of the energy of clusters. According to
Table 2, σE ≅  1.913a2/ε, z ≅  12.34, and δE = –0.17 ±

u

σ̃E

σ̃E

σ̃E

0.07. Note that the mean number of particles within a
sphere of radius rmin equal to the distance to the first
radial distribution function minimum (the number of
nearest neighbors) equals 12.4 according to the simula-
tion data, which is very close to the z value cited above.

Compare the numerical calculation results with the
estimates based on the thermodynamic model of small
clusters [20–22]. The data on σ, n1∞, and their temper-
ature dependences will be borrowed from [14] (they
insignificantly differ from those of the other modern
investigations). We find ω = 0.773 from (16) and (17).
For σE = 1.913a2/ε, Eqs. (16), (20), and (28) yield δ =
−0.390, δE = –0.106, (ε/k)dδ/dT = –1.51 at z = 11.90
and δ = –0.447, δE = –0.159, (ε/k)dδ/dT = –1.53 at z =
12.59. Note that the δE values obtained in numerical
experiments and estimated analytically satisfactorily
agree with each other for the minimum and maximum
z values at U(2) = 0.586ε (Table 2). This leads us to
conclude that δ = –0.42 ± 0.1 for the argon-like system
under consideration, although the systematic error may
exceed 0.1.

It is well known that such properties of argon-like
systems as surface tension and saturation pressure are
very sensitive to the cutoff parameter (rc) of the inter-
particle interaction potential (e.g., see [31]). The ther-
modynamic properties of the system with rc = 2.5a used
in this work are far from the properties of real argon.
The δ(rc) dependence is an interesting object of study,
but the closeness of δ for the Lennard-Jones system and

Fig. 3. Relative error of the approximation of the equimolar
size by the Stillinger size as a function of cluster size; rb =
1.65a.
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argon (Table 1) implies that this dependence can hardly
be strong.

Compare the results of this work with the literature
data. In [14, 15], the method of molecular dynamics
was used. In [14], a fairly rough estimate, δ = –0.42 ±
1.3 at T = 0.9ε/k, was obtained. This estimate does not
determine the sign of δ [here and throughout, the liter-
ature data are recalculated to dimensionless parameters
according to definition (6)]. In this work, the number of
particles in clusters was varied from 2299 to 12138.
This is much smaller that the above estimate (105) of
the number of particles at which approximation (1),

which was used in analyzing the results obtained in
[14], is applicable. This explains the large uncertainty
value in [14]. In [15], a plane layer of a liquid was stud-
ied. The δ value obtained in [15] differs in magnitude
and sign from our estimate: δ = 0.24 ± 0.06 at T =
0.75ε/k (δ = 0.28 ± 0.07 at T = 0.9ε/k). Note that the
temperature dependence of σ obtained in [15] leads to
the σE = 1.91 value, which virtually coincides with our
result. Work [15] does not contain estimates for a min-
imum liquid layer thickness, which is necessary for
obtaining reliable results. The use of insufficiently thin
layers might cause a substantial systematic error.

In [13], the mean field theory was used to develop a
theory that allowed the Tolman length to be calculated.
For a potential somewhat different from (29), the
authors obtained δ = –0.294, which is close to the value
reported in this work.

In [8–10], a curved surface of an argon-like system
was studied by the density functional method, and the
potential also somewhat differed from (29). This gave
δ ≅  –0.38, which coincides with our result in sign and
is close to it in magnitude.

Consider some results for other substances. In [11],
the van der Waals–Kahn–Hillard theory was used, and
a small negative δ value was obtained for nonane. In

2
g1/3

2.0

1.2

0.4

σE(g)a2/ε

6 10

Fig. 4. Size dependence of the energy of a unit cluster surface area. Open circles are numerical experiment in form (31), curve is
calculations by (24)–(26) with the parameter values from the first row of Table 2.

Table 2.  Parameters ensuring the best description of the
effective surface energy of clusters

g U(2)/ε z ωE σEa2/ε –δE

2 … 900 0.586 11.90 0.904 1.936 0.107
100 … 300 0.586 12.86 0.875 1.873 0.242
300 … 700 0.586 12.16 0.897 1.921 0.141
500 … 900 0.586 12.59 0.887 1.898 0.197
200 … 900 0.402 11.26 0.854 1.910 0.159
200 … 900 0.587 12.49 0.889 1.903 0.184
200 … 900 0.670 13.12 0.906 1.900 0.197
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[12], a theory of the surface layer based on the van der
Waals theory was developed. The author obtained δ =
–0.62 for water, which coincides with our result in sign
but exceeds it in magnitude. Note that the data on the
rates of nucleation in supersaturated water vapor are
satisfactorily described by the classical theory without
corrections for the size of clusters (see the references in
[21]), which is evidence that δ is small in magnitude.
Note also that the strict inequality δ < 0 was obtained in
[12]; this inequality contradicts our data on mercury
(Table 1) and the experimental data on an anomalously
high rate of nucleation in mercury vapor [32]. These
data can qualitatively be explained if (R) < σ; that is,
if δ > 0. If the theory developed in [12] is only valid for
some limited class of substances, the scope of its appli-
cability is unclear. The small number of literature data
prevents us from answering the question whether mer-
cury is an exception or nonnegative δ values are typical
of liquid metals.

The energy characteristics of alkali metal drops
were studied in [7] by the density functional method.
The authors obtained δ = 0.086 for cesium at the triple
point. This value and that given in Table 1 are indistin-
guishable from zero within the errors of calculations.
The experimental data [33] also indicate that δ ≅  0.

The method for calculating the Tolman length that
we used is fairly universal and can be of help in calcu-
lations of the rate of cavitation in superheated liquids.
As is known, the radius of a critical bubble under usual
conditions equals the radius of a drop comprising 103–
104 molecules. For this reason, only the first term of the
expansion of σ in powers of 1/R can be retained for bub-
bles as distinguished from critical drops in vapor–liquid
transitions. As the curvature of the surface of bubbles is
negative, Eq. (1) for bubbles becomes (R) ≅  σ(1 +
2δ/R). The use of the exact Tolman equation (R) =
σR/(R – 2δ) or a similar equation containing the higher
terms of the expansion in powers of δ/R can then cause a
noticeable decrease in the accuracy of calculations.
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