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Abstract

At relatively high temperatures (higher than the melting temperature of a liquid),

clusters existing in the supersaturated vapor are characterized by an intense internal

motion of molecules. The virtual chains model of small “hot” clusters is proposed,

which assumes that the number of bonds in small clusters is minimal, and that their

structure is chainlike. Interpolation formulas for extensive thermodynamic functions

of a cluster containing arbitrary number of atoms are found. Validity of model as-

sumptions are verified by the molecular dynamics simulation for the ensemble with

constant temperature and pressure. Simulation results are discussed, among which are

the average potential energy of a cluster, the radial distribution function, and topolog-

ical structure of clusters. Numerical results validate the basic assumption of proposed

model.

1 Introduction

It is well-known that the difficulties of the classical nucleation theory [1, 2, 3, 4] and of

its modern improved versions [5, 6, 7] are related to the fact that the macroscopic liquid

drop model is inappropriate for the clusters consisting of small number of molecules. The

temperatures above the triple point ones appear to be relatively high for small clusters

existing in the vapor. Such “hot” clusters are characterized by strong excitation of both one-

particle and collective degrees of freedom of molecules that constitute the cluster. Numerical

simulation shows that, unlike liquid droplets, small clusters are rather shapeless and are
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similar to the density fluctuations in nonideal gas [8, 9]. The smaller the cluster, the greater

is the difference between a cluster and a droplet. Since the cluster cannot be characterized

by certain volume and density, and the near ordering typical for liquids is not observed for

such clusters, they are sometimes called the gaslike ones.

Numerous attempts were undertaken to improve the macroscopic drop model by exten-

sion of its region of validity toward small sizes (e.g., [10, 11]), in which this model was used

as the zero approximation, and the terms in expansions of some thermodynamic functions

of the cluster in powers of its inverse radius are calculated. It is not surprising that these

attempts proved to be inefficient. To provide a relevant description of the state of the small

hot cluster, a model is necessary, which is an alternative to the liquid drop model and is not

based on the perturbation theory.

In this paper, the simplest system of atoms interacting via a short-range additive po-

tential is treated. In such a system, an atom interacts only with its nearest neighbors. Since

the macroscopic drop model may be treated as the extreme of maximum number of bonds in

the system, the other extreme, and, therefore, an alternative to the liquid drop model is the

system with minimum number of bonds. In this model, the cluster is represented as a set

of connected chains. Ordering of atoms in virtual chains changes as the atoms move, hence

these chains may be called virtual.

At sufficiently high temperatures, the states with high binding energy but low statistical

weight (close packed structures) compete with the states with low binding energy but high

statistical weight. As the temperature increases, the probability of the latter increases, and

the transition from close packed to gaslike structure occurs. This takes place if the difference

between the binding energies of close packed and gaslike structures is not too high. This is

true only for clusters containing less than ten atoms, because, due to finite cluster size, the

number of bonds per atom in such clusters is noticeably lower than in bulk liquid.

The structural transition in a system with the finite number of particles occurs in some

finite temperature interval. The goal of this work is the investigation of cluster structure

in this interval and the description of transition from the close packed to gaslike structure

as the temperature increases. To perform this, the partition function of a small gaslike

cluster is calculated. On this basis, interpolation formulas for cluster chemical potential and

average potential energy are proposed, which join the cases of small clusters and macroscopic

droplets. In such a way, the equilibrium distribution of clusters over sizes is deduced. To

test proposed theory, molecular dynamics (MD) simulation is performed in the ensemble

with constant temperature and pressure, which mimics real conditions of the supersaturated

vapor.

This paper is divided in two parts. In the first one, the analytical approach is developed.

The virtual chains model for small hot clusters is proposed, and the partition function of
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a cluster is calculated within the framework of this model in Sec. 2. On this basis, an

interpolation formulas for the chemical potential and average potential energy of a cluster

with arbitrary size are obtained in Sec. 3. In the second part, MD simulation of the structural

transition is performed. In Sec. 4, the simulation procedure is considered; numerical results

are discussed and compared with analytical estimates in Sec. 5. Sec. 6 summarizes the

results.

2 The partition function of a small gaslike cluster

Consider the cluster consisting of g atoms, which interact via the pair additive potential

u(r). We will estimate the partition function of a cluster in two limiting cases of low and

high temperatures. Let u(r) be the model short-range potential:

u(r) =


+∞, r < a− r0,
(Mω2

0/4)(r − a)2 −D0, a− r0 ≤ r ≤ a+ r0,

0, r > a+ r0,

(1)

where M is the atom mass; ω0 = (2/r0)
√
D0/M , the vibration frequency of a dimer; D0 ,

the well depth. Potential (1) is the oscillator one in the region, where it is negative, and

finite; it is assumed that the length parameters a and r0 satisfy the inequality a/r0 � 1

(Fig. 1).

We define a cluster as a system of atoms having at least one neighbor, which pertains

to the same cluster, at the distance less than rb . For potential (1), rb = a + r0 . In the

case of low temperatures, the cluster has close packed structure. Using the quasiclassical

approach, which is valid even at low temperatures for argonlike system, write the cluster

partition function at g ≥ 3 in the form similar to the Einstein crystal model [12]:

Z(g)
p =

V

λ3Z
(g)
r Z(g)

v exp
(
Dg

kBT

)
,

Z(g)
r = Cr(g)

(
a

λ

)3

, Z(g)
v = Cv(g)

(
kBT

h̄ω0

)3g−6

, (2)

where V is the volume; λ =
√

2πh̄2/MkBT , the thermal wavelength; kB , the Boltzmann

constant; T , the temperature; Z(g)
r and Z(g)

v are the rotational and vibrational partition

functions, respectively; Dg is the ground state energy of a cluster; Cr(g) and Cv(g) are

the numerical factors defined by the close packed structure (for example, for the structures

of triangle and tetrahedron, Cr(3) = Cr(4) = 2π2/3, Cv(3) = (4/3)
√

2/3, Cv(4) =
√

2,

respectively).

Consider the opposite limiting case (high temperatures). By definition of a cluster, the

existence of a bond between two atoms means that their interaction potential is nonzero. We
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Figure 1: The short-range model potential.
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will call a virtual chain any subset of cluster atoms, which may be numbered so that each ith

atom, but for the first and the last ones, is bonded only to the (i−1)th and (i+ 1)th atoms

pertaining to this chain (and, possibly, to other atoms pertaining to other chains). The first

atom has a bond with the second one in this chain; the last one, with the next to last. By

definition, the ringlike configuration is no virtual chain. An atom is called the branching

point if it is connected not only with the atoms pertaining to the same chain but at least

with one more atom pertaining to another chain. A new chain emerges if a bond is added to

the atom, which is neither the first nor the last one in some chain. It is easily verified that

a cluster with the minimum number of bonds is a set of virtual chains connected by single

bonds at the branching points; all chains but one have one free end. Obviously, the cluster

containing g atoms has g − 1 bonds.

Assume that the probability of states with the number of bonds greater than the mini-

mum one is negligibly small. In contrast to the polymeric molecule, which consists of a real

chain, the number of atoms and their ordering vary in virtual chains. This is a consequence

of the additivity of interatomic potential. The above-mentioned assumption imposes geomet-

rical restrictions on the region of the phase space, which may be occupied by cluster atoms.

We will number the atoms in the following way. Choose the virtual chain with two free

ends and number the atoms pertaining to the latter from one end to the other: 1, 2, . . . l1 .

Then choose one of the branching points from the first virtual chain and assign the number

l1 + 1 to the atom of the second chain bonded to this point. Continue the numeration until

free end of the second chain is reached; its number will be l1 + l2 . Then, choose another

branching point, etc. As a result, we obtain L virtual chains with lj atoms in the j th chain,∑L
j=1 lj = g .

In the virtual chains approximation, the potential energy of a cluster is written in the

form

Uc =
l1−1∑
i=1

u(ri+1 i) + u(rl1+1 l1) +
l1+l2−1∑
i=l1+1

u(ri+1 i) + · · ·+
g−1∑

i=g−l
L
+1

u(ri+1 i), (3)

where ri+1 i = |ri+1−ri| is the bond length; ri , the coordinate of the ith atom. The partition

function of a cluster is

Z(g)
c = λ−3g

∫
. . .
∫ ′

exp
[
− Uc
kBT

]
dr1 . . . drg, (4)

the integral with the prime means that the integration is performed over the phase space

region, where only physically different states are realized. To calculate (4) in the virtual
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chains approximation, substitute the variables:

q1 = r1,
q2 = r2 − r1,
· · ·

ql1+1 = rl1+1 − rb1 ,
ql1+2 = rl1+2 − rl1+1,

· · ·
qg = rg − rg−1,

(5)

where rb1 is the radius of the first branching point. An inverse transform has the form

r1 = q1,
r2 = q1 + q2,
· · ·

rl1+1 = rb1 + ql1+1,
rl1+2 = rb1 + ql1+1 + ql1+2,
· · ·

rg = rb
L−1

+ qg−l
L
+1 + · · ·+ qg,

(6)

It is seen from (6) that the Jacobian of this transform is the determinant of a triangle

matrix, whose diagonal elements are equal to unity, therefore, the Jacobian proper is equal

to unity. Upon substitution, partition function (4) is expressed in terms of the internal

partition function of a dimer Z2 ,

Z(g)
c =

V

λ3g

∫
· · ·

∫ ′ g−1∏
i=1

exp

[
−u(qi)

kBT

]
dq1 . . . dqg−1

=
V

λ3g

{∫ ′
exp

[
−u(q1)

kBT

]
dq1

}g−1
=

V

λ3g

[
Z2 exp

(
− D0

kBT

)]g−1
, (7)

where

Z2 = exp
(
D0

kBT

) ∫ ′
exp

[
−u(q1)

kBT

]
dq1.

In particular case of the absence of branching points, Eq. (7) is similar to the partition

function of a macromolecule in the standard Gauss model of a polymeric chain [13]. It

follows from Eq. (7) that the average potential energy of a cluster Ug depends linearly on

its size:

Ug = 〈Uc〉 = (g − 1)U2, (8)

where U2 is the average potential energy of a dimer at the same temperature.

Relations (2) and (7) define the ratio of probabilities to have the structure with the

minimum Pmin or maximum Pmax number of bonds:

Pmin

Pmax

=
Zg−1

2

Z
(g)
r Z

(g)
v

exp
(
−∆Eg
kBT

)
=

πg−1

CrCv

(
a

r0

)2g−5 ( 2D0

πkBT

)g−2.5
exp

(
−∆Eg
kBT

)
, (9)
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where ∆Eg = Dg − (g − 1)D0 , and the estimate Z2
∼= Z(2)

r Z(2)
v = π(a/λ)2(kBT/h̄ω0) was

used. Since a � r0 , the pre-exponential factor on the right-hand side of Eq. (9) is big.

However, at low temperatures, the exponent is small, and Pmin < Pmax . The exponent

increases sharply as the temperature is increased, and the latter inequality may turn into

Pmin > Pmax . Assume that Pmin = Pmax , i.e., the right-hand side of Eq. (9) is equal to

unity, at some T = T0 , which will be referred to as the characteristic structural transition

temperature. Then a transcendental equation with respect to T0 follows from Eq. (9). It

can be written in the form

ln
a

r0
+

1

2
ln

2D0

πkBT0
+ (2g − 5)−1 ln

πg−1

CrCv
=

∆Eg
(2g − 5)kBT0

. (10)

For typical values of parameters, the second and third terms on the left-hand side of Eq. (10)

are of the order of unity, and the first term is greater than unity by definition of the short-

range potential. The dependence of the energy difference ∆Eg on cluster size is caused by

the size dependence of the number of nearest neighbors in a cluster: the larger the cluster,

the greater the number. Thus, for a macroscopic crystal of atoms interacting via the short-

range potential Dg = 6D0 [14], therefore, ∆Eg/(2g − 5) → 2.5D0 at g → ∞ . Then it can

be easily shown that in the case of extremely large clusters Pmin/Pmax < 1 at a/r0 ∼ 10

and temperatures below the critical one. This means that the structure of a large cluster is

close to that of the spherical liquid droplet. On the contrary, for the short-range potential

(1) the energy difference ∆Eg is noticeably lower for smallest clusters. For g = 3 and 4,

the cluster has three and six bonds, respectively. Further addition of an atom to the cluster

increases the number of bonds by three until g = 8. Therefore, Dg = 3g − 6 for 3 ≤ g ≤ 8.

Hence, ∆Eg/(2g−5) = D0 , and an appropriate solution of Eq. (10) does exist. In fact, with

Dg = 3g − 6 Eq. (10) can be represented in the form

1

T ∗0
exp

(
− 2

T ∗0

)
=
π3/(5−2g)

2
(CrCv)

2/(2g−5)
(
r0
a

)2

, (11)

where T ∗0 = kBT0/D0 . For vibrations in the neighborhood of a bottom of the Lennard-Jones

12–6 potential, we have a/r0 = 6, and it follows from Eq. (11) that for trimer (g = 3)

T ∗0
∼= 0.434. At g = 4 (tetramer) T ∗0

∼= 0.416, which is close to the transition temperature

for trimer. The greater the parameter a/r0 , the lower the temperature T ∗0 .

The pre-exponential factor (1/T ∗)g−2.5(a/r0)
2g−5 (T ∗ = kBT/D0 ) in the right-hand side

of Eq. (9) may be interpreted as follows. Since for potential (1) the amplitude of vibrations

of atoms is of the order of r0
√
T ∗ , and the average distance between them, of the order

of a , the volume of phase space accessible for the motion of atoms in a cluster with g − 1

bonds is proportional to
(
a2r0
√
T ∗
)g−1

. Thus, Z(g)
c ∝ a2g−2rg−10 (T ∗)0.5g−0.5 . For a cluster

with the close packed structure Z(g)
r ∝ a3 , Z(g)

v ∝ r3g−60 (T ∗)1.5g−3 (a system of g atoms
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has 3 rotational and 3g − 6 vibrational degrees of freedom). Therefore, Z(g)
c /

[
Z(g)
r Z(g)

v

]
∝

(a/r0)
2g−5(1/T ∗)g−2.5 . Thus, Pmin/Pmax is greater than unity if the accessible phase space

volume for the chainlike state is much greater than that for the close packed state, i.e., at

sufficiently high temperature the chainlike state successfully competes with the close packed

one.

Now consider the smallest clusters in transitional temperature region. In this region,

at different instants the cluster finds itself in states with different numbers of bonds rang-

ing from g − 1 (the minimum number) to 3g − 6 (the maximum number), i.e., it is in

a “superposition” state. An exact calculation of the probability P
(g)
k to find a g -atomic

cluster in the state with k bonds is very difficult. However, simple qualitative consid-

erations make it possible to determine its form. If a bond is broken, the binding en-

ergy is decreased by D0 but the phase space volume accessible for the motion of clus-

ter atoms is increased by the factor ar20/
(
r30
√
T ∗
)

= a/
(
r0
√
T ∗
)

. Therefore, it must be

P
(g)
k /P

(g)
k−1 =

(
B

(g)
k /B

(g)
k−1

)
(r0
√
T ∗/a)e1/T

∗
, where B

(g)
k is some geometric factor. In addition,

the ratio P
(g)
g−1/P

(g)
3g−6 = Pmin/Pmax must satisfy the equality (9). Both conditions are met

if P
(g)
k = B

(g)
k η3g−6−k , where η2 = (2/π)(π/CrCv)

g−1
g−2.5 (a/r0)

2(1/T ∗)e−2/T
∗
. It follows from

Eq. (11) that (2/π)(π/CrCv)
g−1
g−2.5 (a/r0)

2 = T ∗0 exp(2/T ∗0 ), therefore η(T ∗) can be written in

the form

η(T ∗) =

√
T ∗0
T ∗

exp

(
1

T ∗0
− 1

T ∗

)
. (12)

It follows from the low-temperature expansions of the average potential energies U2
∼=

D0(T
∗ − 1) and Ug ∼= (3g − 6)D0(T

∗ − 1) (2 < g < 9) that at T ∗ � 1 the quantity

Ug/(g − 1)U2 is temperature independent and is uniquely defined by the number of bonds

k = 3g− 6. At high temperatures, Ug/(g− 1)U2 = 1 (k = g− 1, Eq. (8)). Assume that this

quantity is also temperature independent for all intermediate k and that all the coefficients

B
(g)
k are independent of k . Then, in view of the normalization

∑3g−6
k=g−1 P

(g)
k = 1, the average

potential energy of the small gaslike cluster can be written in the form

Ug
(g − 1)U2

=

2g−5∑
k=0

(3g − 6− k)ηk

(g − 1)
2g−5∑
k=0

ηk
. (13)

The probabilities to find a tetramer in states with different k are shown in Fig. 2. As is

seen, at low temperatures the state with k = 6 dominates; at high temperatures, the state

with k = 3. All probabilities are equal at T ∗ = T ∗0 . The dependence (13) is shown in Fig. 3

for g = 5 and 7. It is seen that treated transition is rather smooth and takes place in a wide

temperature range.
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Figure 2: Probabilities to find a tetramer in states with certain number of bonds as the

function of temperature. T ∗0
∼= 0.416.
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3 The interpolation formula for arbitrary cluster size

It follows from Eq. (7) that any thermodynamic function of a small cluster, which is the linear

functional of lnZ(g)
c , is proportional to g − 1. This makes it possible to construct simple

interpolation formulas for the size dependence of any extensive thermodynamic function.

In what follows, we will consider the chemical potential and internal energy (the average

potential energy) of the cluster.

Consider the chemical potential of cluster µg in the vapor, which is considered as an

ideal mixture of atoms and clusters with different sizes. It follows from (7) that for small

clusters
µg
kBT

= lnNg − lnZ(g)
c = ln(ngλ

3) + (g − 1) ln(K2λ
3), (14)

where Ng is the number of clusters with the size g ; ng = Ng/V is their number density, and

the notation

K2(T ) ≡ n2
1

n2

=
1

λ3Z2

exp
(
− D0

kBT

)
(15)

is used for the equilibrium constant of the reaction of dimer formation. Note that it follows

from the mass action law for the reaction of cluster formation µg = gµ1 , where µ1 =

kBT ln(n1λ
3) is the chemical potential of an atom in the vapor, and from (14) that the

equilibrium constant of the reaction of formation of g -atomic cluster is

Kg(T ) = Kg−1
2 (T ). (16)

In the limit of macroscopic droplet (g →∞)

µg = kBT ln(ngλ
3) + (g − 1)µ`, (17)

where µ` = kBT ln(n1sλ
3) is the chemical potential of an atom in bulk liquid; n1s is the

number density of atoms in saturated vapor. Relationships (14) and (17) may be combined

by the linear interpolation

µg = kBT ln(ngλ
3) + (g0 − 1)

[
kBT ln(K2λ

3)− µ`
]

+ (g − 1)µ`, (18)

where g0 is the number of atoms on cluster surface; g , the total number of atoms. At g < 9,

all cluster atoms appear to be the surface ones, g0 = g , and Eq. (18) is transformed to (14).

Since g0 ∝ g2/3 at g →∞ , the asymptote (17) is obtained from (18).

Relation (18) was proposed in [15] as a basis for the thermodynamic nucleation theory.

It assumes that the surface energy is proportional to the number of the surface molecules

rather than to the surface area. From Eq. (18) and the mass action law µg = gµ1 , the

equilibrium distribution of clusters over sizes can be deduced:

ng = n1 exp
(
−∆Φg

kBT

)
,

10



∆Φg = (g0 − 1)kBT ln
(
K2

n1s

)
− (g − 1)kBT lnS, (19)

where S = n1/n1s is the supersaturation ratio. Eqs. (18) and (19) include the quantities g

and g0 . A relation between them is based on the model [15] of a core of the inner molecules

surrounded by surface molecules:

g0 = 3ω(g − g0)2/3 + 3ωλ(g − g0)1/3 + ωλ2, (20)

where

ω =
4π

3

σfr
2
`

kBT ln(K2/n1s)
∼= 0.8, (21)

λ =
√
z/ω − 3/4− 3/2; z is the coordination number in bulk liquid; σf , the surface tension

of flat surface; r` =(3/4πn`)
1/3 , n` is the molecule number density in bulk liquid.

It is convenient to introduce the effective surface tension coefficient σµ(Rg), where

Rg = r`g
1/3 is the equimolar radius. Substituting the first term in the right-hand side of

(19) by 4πσµ(g)R2
g and using (21) we obtain [15]

σµ(g) = σfγ(g), γ(g) =
1

3ωg2/3
[g0(g)− 1] . (22)

Note that the effective surface tension coefficient σµ(g) is not a “true” surface tension,

because it is incompatible with its conventional definition [16]. However, the function σµ(g)

is convenient for the description of size effects.

Now consider the potential energy. Similar to (18), we may write

Ug = A1(T )g0(g) + A2(T )g + A3(T ), (23)

where A1 , A2 , and A3 are the temperature functions to be found. If we introduce the

potential energy of a molecule in bulk liquid ū , we find that A2(T ) = ū . Note that for the

pair additive potential

ū =
1

2
lim
g→∞

i0−1∑
j=1

u(ri0j) +
g∑

j=i0+1

u(ri0j)

 , (24)

where i0 indicates the “central” atom, which is the closest one to cluster center of mass. The

functions A1(T ) and A3(T ) are found using two conditions: at g0 = g = 2, the right-hand

side of (23) is equal to U2 ; at g = 1, it is equal to zero. Consequently, A1(T ) = U2 − ū ,

A3(T ) = −U2 , and (23) may be written in the same form as (18):

Ug = (g0 − 1)(U2 − ū) + (g − 1)ū. (25)

At g →∞ , a definition of the quantity Ω similar to (21) follows from Eq. (20), where Ω is

substituted for ω , and from Eq. (25):

Ω =
4π

3

σ0r
2
`

U2 − ū
, σ0 = σf − T

dσf
dT

. (26)
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Although ω and Ω are different quantities, their values appear to be close (see below).

With due regard for Eqs. (20) and (25), rewrite (25) in the form typical for the liquid

drop model:

Ug = 4πσ(g)R2
g + (g − 1)ū; σ(g) = σ0Γ(g), Γ(g) =

1

3Ωg2/3
[g0(g)− 1] . (27)

Thus, the surface energy 4πσ(g)R2
g is equal to the difference between the potential energy

of cluster and the interaction energy of its atoms in bulk liquid, and

σ(g) =
1

(36π)1/3

(
n`
g

)2/3

[Ug − (g − 1)ū] . (28)

Relationships similar to (18) and (25) may be deduced for other extensive thermodynamic

functions of the cluster as well. They are the consequences of the assumption that cluster is

a set of virtual chains at g ≤ z and a core of inner atoms surrounded by the layer of surface

atoms at g > z .

4 Molecular dynamics simulation of the structural

transition

To investigate the structure of small clusters, it is convenient to define a simple virtual chain.

By definition, the subset of atoms forms a simple virtual chain if there is a way to enumerate

them in such a way that the nearest neighbors for each ith atom are the (i − 1)th and

(i+ 1)th ones, and the first and last ones have only one neighbor at the distance not larger

than rb . In the ringlike configurations, we will assign the first and last numbers to the atoms,

whose separation is the greatest. The definition introduced above may be used for arbitrary

potential. Similar to Eq. (3), one may define the potential energy of a set of simple virtual

chains as Usc = 〈∑i u(ri+1 i)〉 , where only the interactions of each atom with the two nearest

neighbors are taken into account; the interactions between ends of simple virtual chains are

ignored.

Another important parameter defining the structure is the average sum Umin of g − 1

least energies of pair interactions (their total number is g(g − 1)/2). Usc and Umin are the

upper and lower estimates of 〈Uc〉 , respectively, provided that the cluster may be treated as

a set of virtual chains. Obviously, if the cluster consists of a single chain, Usc and Umin are

close to the total energy of cluster Ug , and the quantity Ug/(g − 1)U2 , to unity.

The following realistic short-range interatomic potential was used in the simulation:

u(r) =

{
v(r) + v(2rc − r)− 2v(rc), r ≤ rc,

0, r > rc,
(29)
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where v(r) = D0 [(a/r)12 − 2(a/r)6] . The shapes of potentials u(r) and v(r) differ only in

the neighborhood of the point r = rc even for relatively low cutoff radius rc , but u(r) is

shifted upward relative to v(r). The value rc = 1.6a was selected for the investigation of

cluster structure. This value is greater than the mean interatomic distance but is less than

the doubled distance. Since thermodynamic properties of the argonlike system are much

more sensitive to the value of the cutoff radius for the Lennard-Jones 12–6 potential [17], the

latter is not a short-range one. At relatively short cutoff, it is possible to compare simulation

results with analytical estimates of Sec. 2.

MD simulation was performed using the (P, T )-ensemble method described in [9]. Evo-

lution of clusters was investigated at different temperatures of the Berendsen thermostat [18]

T ∗ . The equation of motion for the j th atom has the form

r̈j =
1

2τ 20

∑
i 6=j

( a

rij

)14

−
(
a

rij

)8
 (rj − ri) +

1

τf

(T ∗
T ∗a

)1/2

− 1

 ṙj, (30)

where τ0 = a
√
M/24D0 is the MD time scale; τf , the temperature relaxation time. As is

known, when using the Berendsen method, energy transfer from internal to rotational and

translation degrees of freedom takes place. However, in the system under consideration, this

effect is small due to the interaction between cluster and vapor atoms. In addition, to make

the determination of cluster temperature precise enough, the temperature was defined in the

center-of-mass system of a cluster as follows:

T ∗a =
M

3D0(g − 1)

g∑
j=1

(vj − vcm)2, (31)

where vcm is the velocity of cluster center of mass. The radius of a spherical cell was equal

to 10; at T ∗ ≥ 0.419, the number of vapor atoms in the cell was about 40–50. Under these

conditions, initial cluster size g ≤ 460 was decreased as a result of evaporation of atoms

from cluster surface. The values of investigated quantities were sampled with time intervals

of τ0/2, stored, and averaged. The runs for given temperature were repeated until the size

of error bars for measured quantity were of the same order as the size of data point labels in

Figs. 3–5. This typically required less than 105τ0 of the total simulation time for each size

g .

The (P, T )-ensemble method [9] was modified for the low-temperature case. Since

cluster evaporation rate is small at T ∗ < 0.4, no vapor atoms were generated at the boundary

of the cell. Otherwise, this would result in a rapid growth of the cluster. For this case, the

cluster in a carrier gas was simulated. Carrier gas atoms were assumed to interact between

each other and cluster atoms via the potential 0.1u(r) (u(r) is defined by Eq. (29)). The

procedure of generation of such atoms was the same as for vapor atoms. During all runs,
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Figure 3: Temperature dependence of the average potential energy for different cluster sizes.

Calculations by formula (13) for g = 5 (T ∗0 = 0.380) and 7 (T ∗0 = 0.417) are indicated by

solid curves.
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Figure 4: Difference between the potential energies of the cluster calculated in different

approximations. T ∗ = 0.71.
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Figure 5: Size dependence of the potential energy of the cluster calculated in different

approximations. T ∗ = 0.71.

16



no adsorption of carrier gas atoms on the cluster surface was observed, and these atoms

played the role of a heat bath. Since no evaporation (condensation) events occurred, and

fluctuations of cluster temperature were not so high as in the high-temperature case, the

interaction with the Berendsen thermostat was not required (τf =∞).

In the case of low temperatures, simulation proceeded as follows. First, the cluster with

the temperature above that of the thermostat was initialized in the empty cell. Then, cluster

temperature was slowly decreased by applying a weak friction force to all cluster atoms. If

the binding energy of the cluster generated in such a way was above the ground state energy,

i.e., the cluster with metastable structure was generated, the run was ignored. As soon as

the temperature reached that of a thermostat, the generation of carrier gas began. After the

time of 500τ0 , investigated data were recorded and averaged. For each size g , an appropriate

accuracy was attained for the total simulation time of about 3× 105τ0 .

To check the simulated system for equilibrium, two criteria were applied: cluster tem-

perature (31) must be equal to that of a thermostat; the potential energy of a dimer

determined from the simulation must be equal to that calculated by the formula U2 =(∫ rb
0 r2u(r)e−u(r)/kBT dr

) (∫ rb
0 r2e−u(r)/kBT dr

)−1
. Both criteria fail at the temperature T >

0.21, at which cluster evaporation emerges. No simulation was performed in the region

0.21 < T < 0.42.

5 Simulation results and discussion

The temperature dependence of the average potential energy Ug is shown in Fig. 3. It is

seen that a sharp decrease of the ratio Ug/(g − 1)U2 occurs in the temperature interval

0.2 < T ∗ < 0.5. Whereas at g >∼ 10 this ratio is noticeably greater than unity even at high

temperatures, it decreases down to unity at g < 10. This confirms the relation (8) obtained

in the virtual chains approximation. Simulation data are compared with the calculations

by formula (13), in which T ∗0 is treated as an adjustable parameter. For g = 3 and 4 (not

shown in Fig. 3) the values of T ∗0 = 0.340 and 0.350, respectively, provide the best fit. The

ratios of these values to the depth of potential (29) used in the simulation, which is equal to

0.789D0 , are 0.431 and 0.444. Thus, a good agreement between numerical simulation and

the estimates of Sec. 2 (0.434 and 0.416) takes place. For g = 5 and 7 the best fit values

of T ∗0 are equal to 0.380 and 0.417, respectively. Apparently, the dependence T ∗0 (g) is a

consequence of the assumption that B
(g)
k is k -independent and of the presence of a short

tail in the potential (29), which is absent for the model short-range potential (1).

As was mentioned in the foregoing, the structural transition is a consequence of the

competition between entropy and binding energy. In general, this phenomenon is described

by the same physics as the coil-globule transition of a polymer molecule. It is interesting to
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note that, according to the recent study [19], similar transition takes place in the gas-liquid

nucleation of polar fluids. Chainlike clusters are formed for cluster sizes g <∼ 30. However,

strong interaction between dipoles, which causes their alignment, seems to favor “polymer-

ization”. This study is the evidence for the fact that neither polymerization, nor some

other characteristic features of the interaction potential are responsible for the structural

transition; instead, it is the pure effect of the entropy.

Figure 4 illustrates the error involved in the substitution of Usc or Umin for Ug at high

temperature. It is seen that (Usc − Ug)/kBT ≤ 1.4 and (Umin − Ug)/kBT ≤ 0.5 at g < 8,

i.e., one may substitute the approximate potential energy Uc for the true one. Note that

Usc is close to Umin at g < 10. This points to the fact that the probability of states with

a single virtual chain is high. In contrast, at big g , (Usc − Ug)/kBT � 1, which is the

evidence of transition to the close packed structure. For comparison, Fig. 4 shows the size

dependence of the difference (Ug −Up)/kBT , where Up = U2(T )Ug(0)/U2(0) is the potential

energy of a cluster with the close packed structure, and the number of bonds was estimated

as Ug(0)/U2(0) (dots ε = Ug − Up). Up is also the estimate of interaction energy between

atoms in the macroscopic droplet. It is seen that the liquid drop model is inappropriate

for small clusters. Thus, the average potential energy of a small cluster is much closer to

the energy of a set of virtual chains than to the energy of the macroscopic droplet. This is

another argument in favor of the virtual chains model.

Figure 5 shows the ratios of the potential energy calculated in different approximations

to the energy of a set of virtual chains (g − 1)U2 as the function of cluster size. At small

g , these ratios are close to unity (curves Vg = Usc , Vg = Umin , and Vg = Ug ), while the

energy of close packed cluster is much different from Ug (curve Vg = Up ). Calculation shows

that Ug approaches Up at g ∼ 102 , which is related to the transition to the close packed

structure.

Typical cluster configurations with no more than one branching point observed in the

numerical experiment are shown in Fig. 6. The average number of bonds in simple virtual

chains Nc is independent of cluster size at large g , but it increases sharply at g < 20 as

g decreases and reaches maximum at g = 7. Then Nc is close to g − 1 (Fig. 7). This

means that the probability of states with a single simple virtual chain is high at small g .

Fig. 8 is also indicative of this fact. It is seen that these states dominate for small clusters at

high temperature, and they are practically absent already at g > 9. P
(3)
1 and P

(4)
1 appear

to be close, which correlates with the estimates of Sec. 2. This is in a good agreement

with simulation results of study [20], where it was found by visual inspection that clusters

consisting of 10–25 particles are already quite spherical (in terms of this work, they have a

spherical core).

Figure 9 shows the radial distribution function for the “central” atom of the cluster
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Figure 6: Typical configurations of clusters with the chainlike structure. Two configurations

contain a single branching point each; the other, no branching points.
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Figure 7: Average number of bonds in simple virtual chains as the function of cluster size.

T ∗ = 0.71.
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Figure 8: Probability of the state with a single simple virtual chain as the function of cluster

size. MD simulation, T ∗ = 0.71.
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Figure 9: Radial distribution function for the “central” atoms for different cluster sizes.

T ∗ = 0.46; r∗ = 2
1/6r/a ; cluster sizes are indicated on the right-hand side.
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G(r). To determine G(r), the number of atoms S(r) at the distance less than r from

the central atom was tabulated. In so doing, G(r) = (4πn`r
2)−1(dS/dr). The number

density of atoms in the center of cluster was defined as n` = 〈3S/4πr3〉 , where averaging

was performed over three coordination spheres. Note the following peculiarities of G(r). For

the large cluster (g = 430), G(r) has the same shape as for bulk liquid with maxima related

to three coordination spheres around an atom. At g = 60, the size effect emerges: the third

maximum disappears, while the heights of two first maxima decrease; their positions are

somewhat shifted toward smaller sizes. At g < 18, a plateau emerges, which is indicative of

the rapid decay of correlations between coordinates of atoms. At the same time, the number

of atoms in the first coordination sphere decreases sharply. For example, it is equal to 2.46

at g = 6. This regularity may be accounted for by the onset of virtual chains, in which

each atom correlates only with two nearest neighbors. This phenomenon is similar to the

correlation decay in the free Gauss chain [13]. A comparison of the distribution functions

shown in Fig. 9 with those determined in a real experiment may be of interest.
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Fig. 10 shows the results of calculation of σ . These data were obtained as follows.

First, σ was calculated straightforwardly by the values of Ug obtained during MD simulation

(formula (28)). The asymptotic value ū = 3.264D0 was reached already at g > 120; the

value n` = 0.544a−3 was obtained for the concentration of atoms in the center of the cluster.

It is seen in Fig. 10 that the asymptotic value σ0 = 0.904D0/a
2 is practically reached at

g > 400.

Since the configuration with a single virtual chain is impossible for the clusters with

g > 9 (Fig. 8), such clusters have a core. According to the discussion in Sec. 3, we set z = 9.

With these values, the coefficient σ = Γσ0 was calculated by formula (27), the parameter

Ω (26) being adjusted to fit the numerical experiment. The best fit value Ω = 0.794 is in

a good agreement with the thermodynamic model [15]. The curve in Fig. 10 matches the

numerical data well, which confirms the validity of interpolation formula (25) as well as of

the model assumptions made in Sec. 3.

The model short-range potential (29) was chosen so that the comparison between nu-

merical and analytical results would be possible. At the same time, no quantitative change

in the results of simulation was observed for the case of rc = ∞ . In particular, chainlike

configurations like those shown in Fig. 6 were also observed for g < 9; formula (25) is still

in a good agreement with numerical data on the surface energy. Apparently, the structural

transition takes place not only for the interaction potential with a short cutoff.

6 Conclusions

At relatively high temperatures, small clusters behave unlike microdroplets. Three cluster

size ranges should be distinguished: 2 ≤ g < 10, 10 ≤ g ≤ 300, and g > 300. In

the first one, clusters are the sets of virtual chains; in the third one, they acquire the

properties of macroscopic droplets; the second range is transitional. The transition from the

chainlike to close packed structure as the temperature decreases or as the cluster grows is a

consequence of the competition between states with high binding energy but low statistical

weight and those with lower binding energy but high statistical weight. The structural

transition was discovered in MD simulation for the (P, T )-ensemble. The interpolation

formulas proposed for thermodynamic functions of clusters in a wide range of their sizes

validate the thermodynamic model [15] and can be used for the interpretation of simulation

data.
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Figure 10: Function σ(g) at T ∗ = 0.46. Curve indicates the calculation by formula (27);

dots, the values of σ related to the potential energy of the cluster determined in the numerical

experiment (formula (28)).
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