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A theoretical approach is developed for the dust ionization and dust acoustic waves propagating in the cloud of mi-

croparticles in the low-pressure gas discharge under microgravity conditions. The theory explores the fluid approx-

imation for the microparticle subsystem of complex plasma combined with the kinetic equation for the ions. In the

one-dimensional approximation, the wave equation is obtained, whose solution defines the dispersion relation for the

waves in complex plasma involving the oscillations of microparticles. Obtained dispersion relation unifies both the

dust ionization and the dust acoustic waves (DIW and DAW, respectively). According to this dispersion relation, the

effect of microparticles on the recombination rate leads to a number of peculiarities. Among them, existence of the

minimum frequency, above which the wave propagation is possible, a weak dependence of the DIW wave number on

the frequency, and a high phase velocity of DIW as compared to DAW. It is demonstrated that no instability of DIW is

possible whereas DAW can reveal instability under proper conditions. Calculation results correlate with those obtained

in a recent experiment.
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I. INTRODUCTION

Low-temperature plasmas containing from submicron to

hundred micron microparticles is conventionally called the

complex plasma. Various realizations of complex plasmas

can be encountered in laboratory setups and technological

applications.1 In astrophysics, complex plasma can be found

in the vicinity of space bodies, in comets, protoplanetary

discs, planetary rings, in ionospheric and magnetospheric

plasma of the planets, interplanetary and interstellar clouds,

etc.2,3 Naturally in astrophysical occurrences, the particles

may not be small. Due to a significant electric charge col-

lected on the microparticles (positive or negative), they can

form extended clouds with ordered structures analogous to the

liquid or solid.4–6 These structures (microparticle clouds) can

be fairly homogeneous under microgravity conditions that can

be attained for long periods of time on board the International

International Space Station (ISS).7–11

A permanent interest to the collective phenomena occurring

in complex plasmas extends to the wave phenomena. Since

the microparticles accumulate a considerable charge and their

extended surface provides a dominating mechanism of the

electron–ion recombination, they can change the plasma dy-

namic properties considerably even if they are not directly in-

volved in the oscillations. Otherwise, oscillations of the mi-

croparticles proper are the key ones for the wave mode for-

mation. Since the microparticles are massive as compared to

the ions, such modes imply low wave frequencies that typi-

cally do not exceed 100Hz. The dust acoustic waves (DAW)

is this kind of wave mode, which is characterized by the pro-

portionality dispersion relation. DAW was treated in the pio-

neer theoretical study12 and then in Ref. 13 (see also Ref. 14).

a)Electronic mail: dmr@ihed.ras.ru.

Predicted theoretically, DAW were then discovered in the ex-

perimental studies.15–17 In further works, the effect of strong

Coulomb coupling of the microparticles on the dispersion re-

lation was investigated.18–21 Nonlinear DAW are an object of

recent investigations.22,23 Among other types of investigated

wave modes, the self-exciting nonlinear dust-density waves,24

the dust ion-acoustic waves not involving the oscillation of

microparticles,25,26 dust cyclotron and drift modes27,28 are to

be mentioned.

Numerous experiments, in which both the externally ex-

cited and the self-excited DAW were observed, have been per-

formed on the PK-429 facility under microgravity conditions

on board the ISS. Recently, discovery of a new dust wave

mode named the dust ionization wave (DIW) on this facility

was reported.30 In this experiment, the microparticles were

injected in the DC polarity-switching low-pressure argon or

neon discharge. These particles formed a cloud elongated in

the direction of the discharge tube axis. The DIW progressing

waves were externally excited in this cloud by the oscillating

field of a special electrode. The DIW phase velocity proved

to be very high as compared to the DAW velocity, and the

wave number was found almost independent of the frequency.

Since the DIW frequency did not exceed 20Hz, the observed

DIW mode obviously implied the microparticle oscillations,

in contrast to the conventional ionization waves in a pure gas

without microparticles.31 Additionally, it was found that DIW

propagation seemed to be impossible below some frequency

limit on the order of several Hz.

Theoretical analysis in Ref. 30 was restricted to formula-

tion of the master equations based on the fluid approxima-

tion and solely the simplest order-of-magnitude estimations

were derived for the characteristic DIW quantities. Objec-

tive of this work is to demonstrate that DIW and DAW are

in fact the long- and short-wave extremes of oscillations in-

volving the microparticles. To this end, an accurate solution
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of the master equations is found in the linear approximation.

Here, in the momentum equation, we now take into account

the proper compressibility of the microparticle cloud respon-

sible for DAW, friction of the microparticles against the neu-

trals that leads to wave damping, and the interaction between

the streaming ions and the microparticles leading to DAW in-

stability. The equation set is reduced to a single wave equation

for the electron number density whose solution defines a uni-

fied dispersion relation for both DIW and DAW. Both modes

merge at the minimum frequency of wave propagation. It is

demonstrated that DIW is a long-wave mode where the wave

number is almost independent of the frequency while DAW

is a short-wave branch. Performed analysis shows that DIW

emerge if a spatial perturbation of the microparticle number

density can give rise to a perturbation of the rate of recom-

bination under the conditions when the recombination on the

microparticle surface dominates. Therefore, perturbation of

the recombination rate causes the charge separation that is the

source of the wave electric field. Analysis of the imaginary

part of frequency in the dispersion relation makes it possi-

ble to conclude that no instability of DIW that could result

in their self-excitation is possible. At the same time, their

damping length is long enough due to a high DIW phase ve-

locity. In contrast, the DAW damping length is typically very

short, which complicates their external excitation. However,

they can reveal instability under proper conditions resulting in

their self-excitation. Thus, the theoretical approach to a uni-

fied theory of DIW and DAW that correlates with available

experimental data is proposed.

The paper is organized as follows. In Sec. II, the master

equations of the fluid approximation are formulated, and the

assumptions involved in these equations are discussed. The

master equations are linearized and solved in Sec. III, where

the dispersion relation is derived, and the phase and group ve-

locities are calculated. Peculiarities of DIW and DAW modes

are analyzed and compared in Sec. IV. Section V is devoted

to application of the obtained analytical results for simulation

of DIW under the experimental conditions30 and to the dis-

cussion of some inconsistency between the theory and exper-

iment. The results of this study are summarized in Sec. VI.

II. MASTER EQUATIONS

The theory discussed in this Section implies typical param-

eters of the experiment.30 For the sake of simplicity, we will

consider idealized conditions when a plane wave propagates

in the infinite weakly inhomogeneous microparticle cloud in

the polarity-switching DC low-pressure gas discharge. For the

microparticle cloud, we explore the one-dimensional fluid ap-

proximation. The polarity switching frequency of 500 Hz30

is so high for the relatively massive microparticles that their

oscillations are not observable. This allows one to introduce

a principle simplification for the analyses of a complex sys-

tem realized in experiment implying averaging of all plasma

parameters over the period of polarity switching. Apparently,

such averaging is possible for sufficiently small perturbations

introduced by DIW in the weakly inhomogeneous complex

plasma.

The implied parameters of complex plasma are such that the

recombination on the particle surface dominates over that on

the tube walls so the latter can be ignored. Under such con-

ditions, each hump in the microparticle number density dis-

tribution leads to the increase in the recombination rate and,

consequently, to a local drop in the electron and ion number

densities. On the contrary, a hollow of the microparticle num-

ber density results in a local increase of the electron and ion

number densities. Thus, an electric field occurs in the complex

plasma due to the charge separation. This electric field aver-

aged over the polarity switching period drives the microparti-

cle oscillations.

Since both DIW and DAW branches imply the microparti-

cle oscillations, we intend to unify their treatment in a single

formalism. With this in mind, we will complete the momen-

tum equation by the corresponding terms. First, we include

the term due to the microparticle pressure gradient. Assuming

that the DAW velocity is constant one can introduce the DAW

velocity phenomenologically. We also take into account the

DAW instability that can arise from the interaction between

the microparticles and streaming ions and lead to the self-

excited oscillations. Different mechanisms of the instability

development are to be found in the literature (e.g., Refs. 32–

34). As an example, we borrow the mechanism discussed in

Ref. 34 and based on the ionization equation of state (IEOS)

model35 according to which the balance between the ambipo-

lar electric field driving force and the ion drag force becomes

unstable if inhomogeneity of the microparticle cloud exceeds

some threshold.

According to IEOS gradients of the electron and ion num-

ber densities are related to the gradient of the number den-

sity of microparticles that defines the instability development

threshold. Indeed, in the experiment the microparticle dis-

tribution along the discharge tube axis is inhomogeneous.30

At the same time, the complex plasma inhomogeneity implies

existence of the zero-order ambipolar electric field, which is

small along with the density gradients of the charged species.

This zero-order electric field drives the ion flow.

In the low-pressure radio frequency gas discharge under mi-

crogravity conditions, the microparticles are exposed to the

force from the ambipolar electric field E and to the ion drag

force. The total force f acting on unit volume of the micropar-

ticle cloud is35

f =

[

3

8

(

4πnd

3

)1/3

λ eni −Zend

]

E, (1)

where nd and ni are the number density of the microparticles

and ions, respectively; λ = λa(1+ 3/8ρ)−1 is the total ion

mean free path including the ion–particle collisions, λa is the

ion mean free path with respect to the collisions with atoms,

ρ = (3/4πnd0)
1/3λ−1

a ; e is the elementary electric charge; Z

is the particle charge in units of the electron charge −e. In

what follows, we will denote the stationary state quantities by

subscript 0, and their perturbations, by prime, so that ne,i,d =
ne,i,d0 + n′e,i,d for the number density of electrons, ions, and

microparticles, respectively. The stationary state described by
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IEOS is maintained by vanishing the force (1),

Znd0 =
3

8

(

4πnd0

3

)1/3

λ ni0. (2)

If we apply the equation for the stationary microparticle

charge, the overall quasineutrality condition for the complex

plasma, and fix a relation between the small perturbations n′e,

n′i, and n′d then the total force acting on a unit mass can be

written as An′d/nd0, where the coefficient A depends on the

assumed relation between the perturbations.34 For example,

for n′e = const (typical for DAW, see Sec. V),

A =
2

9

ZTe(2− 3γ)

M

d lnnd0

dx
. (3)

where

γ = 1− 2.8
aτ5/2

λa

(

me

mi

)1/2

Φ3eΦ, (4)

Te is the electron temperature, M is the microparticle mass, x

is the coordinate, a is the microparticle radius, τ = Te/Ti, Ti is

the ion temperature, me and mi are the electron and ion mass,

respectively, and Φ = Ze2/aTe is the dimensionless micropar-

ticle potential. As is seen from Eq. (3), the instability devel-

opment is defined by the microparticle cloud inhomogeneity

dnd0/dx. For the case n′e = n′i characteristic of DIW, the fac-

tor A differs from (3) by a numerical factor on the order of

unity. Since our purpose is to demonstrate that self-excitation

of DIW is impossible, we will neglect this difference.

Additionally, friction of the microparticles against neutrals

should be taken into account irrespective of the wave mode.

Thus, the complete momentum equation, where all quantities

are functions of the coordinate x and time t is written as

∂u

∂ t
+ u

∂u

∂x
=− c2

a

nd

∂nd

∂x
+

Ze

M

∂ϕ

∂x
−νu+A

n′d
nd0

, (5)

where u is the particle velocity field; ca is the DAW

velocity; ϕ is the wave electric field potential; ν =
(8
√

2π/3)δmanavTa a2/M is the inverse time of particle de-

celeration in a gas (friction coefficient),36 δ ≃ 1.4 is the ac-

commodation coefficient; ma is the mass of a gas molecule;

na and vTa = (Ta/ma)
1/2 are the number density and thermal

velocity of the neutrals, respectively, and Ta = 300 K is the gas

temperature. In what follows, we will neglect the dependence

of Z on the complex plasma parameters. The condition that

stipulates constancy of Z will be discussed below. It is worth

mentioning that due to high electron mobility, the microparti-

cles acquire a considerable negative charge.

In Eq. (5), solely the second term on the right-hand side

corresponds to the DIW mode and it will be shown in Sec. IV

that the first and the last terms can be neglected in this mode.

Instead, the second term is negligibly small in the DAW mode,

for which the first and the last two terms are the key ones.

The third term responsible for friction cannot be disregarded

for both modes. Hence, (5) is in fact a simple extrapolation

between the DIW and DAW extremes.

Remaining master equations include the microparticles bal-

ance equation

∂nd

∂ t
+

∂

∂x
(und) = 0 (6)

and the equation for electrons. Due to the high mobility of

electrons, their distribution is close to the equilibrium one cor-

responding to the electron temperature Te. We adopt the ap-

proximation of the Boltzmann distribution for the electrons,

which is commonly used for the low-pressure gas discharge,

∂ϕ

∂x
=

Te

ene

∂ne

∂x
. (7)

Since the ions in the low-pressure gas discharge are

strongly nonequilibrium, their treatment is based on the bal-

ance equation

∂ni

∂ t
+

∂J

∂x
= Q, (8)

where J is the ion flux, and Q is the total number of ions pro-

duced in unit volume per unit time. Since the ion relaxation

time is typically much smaller than both the discharge polar-

ity switching time and the inverse wave frequency due to the

small ion mass, this equation can be treated in the stationary

approximation, i.e., we set ∂ni/∂ t = 0. The ion flux is a sum

of the drift and diffusion components,

J =−Dni
Te

Ti

∂ lnne

∂x
−D

∂ni

∂x
, (9)

where D is the coefficient of ion diffusion in the gas of neu-

trals, and for the first term on the right-hand side, we used the

Einstein–Smoluchowski equation for the ion drift in the elec-

tric field whose magnitude −∂ϕ/∂x is defined by Eq. (7). If

we assume the ionization by electron impact and the recombi-

nation of ions on the microparticle surface to be the dominat-

ing mechanisms contributing to Q then

Q = Knena −Rnind , (10)

where K is the coefficient of ionization by electron impact

and R is the coefficient of recombination on the microparticle

surface. Note that K is an effective quantity defined by the

stationary number densities of electrons ne0 and ions ni0 rather

that a true one because a real ionization process in argon or

neon involves intermediate excited states. Thus, within the

above-formulated approximation the ion balance equation is

written as

∂

∂x

(

D
Te

Ti

ni

ne

∂ne

∂x
+D

∂ni

∂x

)

= Rnind −Knena. (11)

Note that Eq. (11) does not require ne = ni. From (10), the

stationary ionization–recombination balance condition is

Rnd0ni0 = Knane0. (12)

In what follows, in contrast to Ref. 30, no special limitation

will be imposed on the variations of the number densities of
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4

electrons or ions. Therefore, the set of master equations must

be completed by the Poisson equation

∂ 2ϕ

∂x2
= 4πe(Znd + ne − ni). (13)

In Sec. III, the linearized equations (5)–(7), (11)–(13) will

be reduced to a single wave equation whose solution defines

the unified dispersion relation for DIW and DAW modes.

III. UNIFIED DISPERSION RELATION

With due regard for the linearized Eq. (7),

∂ϕ

∂x
=

Te

ene0

∂n′e
∂x

, (14)

linearization of (5) and of (6) yields

∂u

∂ t
=− c2

a

nd0

∂n′d
∂x

+
Zv2

d

ne0

∂n′e
∂x

−νu+A
n′d
nd0

,

∂n′d
∂ t

+ nd0

∂u

∂x
= 0,

(15)

where v2
d = Te/M. It follows from linearized Eq. (13) and

Eq. (14) that

∂ 2n′e
∂x2

= r−2
De (Zn′d + n′e − n′i), (16)

where r2
De = Te/4πne0e2. Therefore, in the typical case

rDekd ≪ 1, where kd is the characteristic wave number,

Eq. (16) is degenerated to the quasineutrality equation

Zn′d + n′e = n′i. (17)

The latter equation makes it possible to linearize Eq. (11) as

D
Te

Ti

ni0

ne0

∂ 2n′e
∂x2

=
Kna

1+H

[(

2+
1

H

)

Zn′d −Hn′e

]

, (18)

where H = Znd0/ne0 is the Havnes parameter.

We differentiate the first Eq. (15) with respect to x and sub-

stitute ∂u/∂x from the second Eq. (15) to exclude the velocity:

∂ 2n′d
∂ t2

− c2
a

∂ 2n′d
∂x2

+Hv2
d

∂ 2n′e
∂x2

+ν
∂n′d
∂ t

+A
∂n′d
∂x

= 0. (19)

Then we exclude n′d from (19) using (18) to arrive at the wave

equation

k2
d

∂ 2n′e
∂ t2

+
(

ω2
d −ω2

a

) ∂ 2n′e
∂x2

+
∂ 4n′e

∂ t2∂x2
+νk2

d

∂n′e
∂ t

+ν
∂ 3n′e

∂ t∂x2
+ Ak2

d

∂n′e
∂x

+A
∂ 3n′e
∂x3

− c2
a

∂ 4n′e
∂x4

= 0,

(20)

where

k2
d =

H

1+H

Ti

Te

Rnd0

D
, (21)

ω2
d = Zv2

d

1+ 2H

1+H

Ti

Te

Rnd0

D
, (22)

and ωa = cakd . Note that Eqs. (21) and (22) were obtained

using (12) and the relation ni0/ne0 = 1+H following from

the stationary quasineutrality condition. Obviously, kd and ωd

are the inverse length and time scale characteristics of DIW.

Based on these scales, one can define a characteristic DIW

velocity scale cd = ωd/kd . It follows from (21) and (22) that

c2
d = Zv2

d

1+ 2H

H
. (23)

Note that the equation set (5)–(7), (11)–(13) is solved rigor-

ously (in the linear approximation) without the assumptions

n′i = 0 and H ≪ 1 adopted in the previous work. This has an

effect on the analytical expressions for kd , ωd , and cd , which

are essentially different from those obtained in Ref. 30.

Equation (20) has the monochromatic plane wave solution

n′e ∼ ei(ωt−kx) provided that the following dispersion relation

is satisfied:

ω̃2 − i2ν̃ω̃ − q2 + i2β k̃ = 0, (24)

where

q2 = α2k̃2 + 1+
1

k̃2 − 1
, (25)

ω̃ = ω/ωd , k̃ = k/kd , α = ωa/ωd = ca/cd , ν̃ = ν/2ωd , and

the instability coefficient β = A/2cdωd are the dimensionless

quantities.

From Eq. (24), the dependence ω̃(k̃) can be explicitly writ-

ten in the form

ω̃(k̃) =

√

q2 − ν̃2 − i2β k̃+ iν̃. (26)

Since a small inhomogeneity of the microparticle cloud is as-

sumed, it must be |β | k̃ ≪ q2. Then, for the real and imaginary

parts of the complex frequency ω̃ = ω ′+ iω ′′, we derive

ω ′ ≃
√

q2 − ν̃2 (27)

and

ω ′′ ≃ ν̃ − β k̃
√

q2 − ν̃2
. (28)

From (27), the phase velocity is

cph = cd

ω ′

k̃
= cd

√

α2 +
1− ν̃2

k̃2
+

1

k̃2(k̃2 + 1)
(29)

and the group velocity can be expressed as

cgr = cd

dω ′

dk̃
=

c2
d

cph

[

α2 − 1

(k̃2 − 1)2

]

. (30)

Since cgr vanishes for the wave number k̃ = k̃0 =
√

1+α−1,

the minimum frequency ω ′
min, for which the wave propagation

is possible, is

ω ′
min =

√

(1+α)2 − ν̃2 =
√

α2k̃4
0 − ν̃2. (31)
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FIG. 1. Unified DIW–DAW dispersion relation (27) in dimension-

less quantities for different α; DIW and DAW branches are indicated

by different colors (see legend). Dotted line shows the DAW high-

frequency asymptote k̃ = ω ′/α and dashed line that separates the

DIW and DAW branches connects the points of ω ′ minima for dif-

ferent α and fixed ν̃2 = 0.3.

Therefore, one can conclude that there exists the cutoff fre-

quency below which propagation of both DIW and DAW is

impossible.

The effect of microparticle friction against neutrals leads to

a notable decrease of the cutoff frequency. The unified disper-

sion relation is thus significantly modified by the inclusion

of friction. It formally follows from (31) that ω ′
min = 0 if

ν̃ = 1+α > 1. However, for such a high friction, a rapid

damping would prevent the wave propagation. Equation (31)

means that the minimum frequency, at which propagation of

both DIW and DAW is still possible, can be crudely esti-

mated as ωd . It follows from (25) and (27) that for α2 < 1,

k̃ > 1, i.e., the lower bound for the wave number k is kd . For

α2 ≥ 1, lower k can, in principle, be realized on the segment

0 ≤ k̃ ≤
√

1−α−2 at ν̃ = 0. However, it is questionable if the

condition α2 ≥ 1 can be realized under experimental condi-

tions.

Figure 1 shows the wave number vs. the real part of fre-

quency in dimensionless quantities for different α and fixed

ν̃ . Note that ω ′ (27) is independent of the instability coef-

ficient β . As is seen, the unified dispersion relation has a

hyperbolic form with the asymptotes k̃ = 1 and k̃ = ω ′/α at

ω → ∞. The first asymptote corresponds to the DIW mode

and the second one, to the DAW mode. The minimum line

connects the points of minimum admissible ω ′ and the cor-

responding wave numbers k̃ = k̃0. The function k̃0(ω
′
min) de-

creases with the decreasing ω ′
min until it crosses the asymptote

k̃ = ω ′/α at ω ′/α = 1 and k̃ = 1 (ν̃ = 0) [see Eq. (31)]. For

α > 1, one more hyperbola emerges at ω ′/α < 1 and k̃ < 1
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FIG. 2. The same as in Fig. 1. Dashed line connects the points of ω ′

minima for different ν̃ (see legend) and fixed α2 = 0.1.

(see the discussion above), which passes through the point

ω ′ = k̃ = 0. At α → ∞, this hyperbola coincides with the

asymptote k̃ = ω ′/α , and the dispersion relation is degener-

ated to that of DAW, as it must. Note that ω ′
min/α increases

noticeably with the decrease in α (Fig. 1). Figure 2 illustrates

the variation of dispersion relation with the reduced friction

coefficient ν̃ at fixed α . As is seen, the dispersion relation

preserves its form, and ω ′
min/α decreases with the increase in

ν̃ , the minimum line being parallel to abscissa. The dispersion

relation for ν̃ = 1 is indeed a boundary of the wave propaga-

tion region arising from a significant wave damping due to the

microparticle friction against neutrals.

IV. COMPARATIVE ANALYSIS OF SPECIFIC WAVE

MODES

Since the DIW mode corresponds to the extreme ω ′ → ∞
and k̃ → 1 (Fig. 1), it follows from (25) that in this extreme,

q → ∞. Then one can derive the following estimates from

Eq. (27):

k̃ ≃ 1+
1

2

(

ω ′2 −α2 − 1+ ν̃2
)−1

(32)

and
(

k̃2 − 1
)−2 ≃ ω ′4. As is seen from (32), the wave num-

ber decreases slowly down to unity with the increase in the

real part of frequency. Thus, DIW is in fact a long-wave

mode of non-acoustic type. If k ≃ kd then the phase veloc-

ity cph ≃ ω/kd is proportional to the frequency. From (32),

the group velocity cgr ≃ −cd(ω/ωd)
3 = −ω3/c2

dk3
d is nega-

tive and depends on the frequency even more sensitively, and

its absolute magnitude can be very high (Fig. 4). The DIW

propagation is impossible in the region k ≤ kd and ω < ωmin.
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The DAW mode is realized at ω ′ → ∞ and k̃ → ∞. In this

extreme, from (25) and (27) one can readily derive the esti-

mate

ω ′ ≃
√

α2k̃2 + 1− ν̃2 ≃ α k̃+
1− ν̃2

2α k̃
, (33)

which corresponds to the acoustic-type waves at k → ∞,

i.e., DAW is a short-wave oscillation extreme. The term

(1− ν̃2)/2α k̃ in (33) is a correction to the classical linear de-

pendence ω = cak arising from the effect of the microparti-

cles on the dissociation rate. Due to this effect, every tangent

to the dispersion relation curve in its short-wave branch does

not pass through the origin of the coordinate system (Fig. 1).

From (33), the DAW phase and group velocity are

cph ≃ ca

√

1+
1− ν̃2

α2k̃2
(34)

and

cgr ≃
α2cd k̃

ω ′ =
ca

√

1+
1− ν̃2

α2k̃2

=
c2

a

cph

, (35)

respectively. Both of them include the corrections from the

ionization kinetics and cgr is positive, as it must. From (35),

we have ca =
√

cgrcph.

It is of interest to estimate the amplitude ratio
∣

∣Zn′d/n′e
∣

∣

for both wave modes. If we treat the wave solution n′e =

Cei(ωt−kx), n′d = Bei(ωt−kx), where C and B are constants, and

set ν = A = 0 for the sake of simplicity then we obtain from

(19) and (23)

BZ

C
=− H2

1+ 2H

c2
dk2

ω2 − c2
ak2

. (36)

For the DIW mode, we have k ≃ kd , ω ≫ cakd , and H2(1+
2H)−1 ∼ 1 at H > 1. Then at sufficiently high frequencies,
∣

∣Zn′d/n′e
∣

∣ ∼ ω2
d/ω2 ≪ 1. Therefore, from (17) we have n′e ≃

n′i, which means that variations of the electron and ion fluxes

almost coincide. Hence, the DIW oscillations must have no

significant effect on the microparticle charge. This justifies

the assumption Z = const assumed for linearization of Eq. (5).

In contrast, for the DAW mode we have from (33) ω2−c2
ak2 ≃

ω2
d (ν̃ = 0), therefore, in this mode

∣

∣Zn′d/n′e
∣

∣ ∼ k2/k2
d ≫ 1.

This means that for DAW, the oscillations of n′e are small and

n′i ≃ Zn′d .

Equation (36) allows one to estimate the ratio η of the first

and second term on the right-hand side of the master equation

(5). For small perturbations, this ratio is equal to the corre-

sponding ratio of the first and second term on the right-hand

side of the first Eq. (15):

η =−α2 1+ 2H

H2

∂ (Zn′d)
∂x

(

∂n′e
∂x

)−1

. (37)

For the wave solution and consequent amplitude ratio (36),

(37) is transformed to

η =
c2

ak2

ω2 − c2
ak2

. (38)
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FIG. 3. Imaginary vs. real part of the complex frequency at the DIW

and DAW branches (indicated by different colors) calculated by for-

mulas (27) and (28) for different β (see legend) at fixed α = 0.01

and ν̃ = 0.5.

Hence, for the DIW mode, η ≃ (αωd/ω)2 ≪ 1, i.e., the term

including the electric field dominates over that taking into ac-

count the microparticle cloud compressibility while for the

DAW mode, η ≃ (αk/kd)
2 ≫ 1. Note that along the acous-

tic branch, the cloud compressibility dominates over the DIW

electric field term if only α is not too small. Otherwise, the

DIW correction to the acoustic dispersion relation (33) may

not be small.

Now turn to the imaginary part of the frequency. From

Eq. (28) for DIW, it follows that ω ′′ ≃ ν̃ , i.e., the tempo-

ral change of the wave amplitude is defined solely by the

dust particle friction against neutrals that results in the wave

damping. In this case, the amplitude increment due to the in-

stability development mechanism taken into account by the

last term in Eq. (5) can obviously be ignored. In contrast,

the imaginary part of the frequency for the DAW mode is

ω ′′ ≃ ν̃ −β/α . Thus, in this mode, the self-excited micropar-

ticle oscillations emerge if ω ′′ < 0, i.e., ν̃ < β/α; otherwise,

DAW must rapidly decay. The difference in the dependencies

of DIW and DAW on the friction and instability coefficients

is illustrated by Fig. 3 that presents the imaginary part of the

frequency as a function of its real part at fixed α and ν̃ . This

figure shows that at ω ′ > ω ′
min, the DIW and DAW dependen-

cies are qualitatively different: for DIW, ω ′′ is almost con-

stant, and it is almost independent on β while for DAW, the

dependence of ω ′′ on β is very sharp. For this mode, ω ′′ can

be negative (β = 0.05 in Fig. 3 corresponds to the threshold

of DAW self-excitation). It will be shown in Sec. V that such

different behavior of wave damping in combination with the

high phase velocity of DIW has a pronounced effect on the

wave damping length, which proved to be much larger than
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FIG. 4. Phase and group velocity of DIW cph and cgr, respec-

tively, as functions of the frequency real part for the conditions of

experiment30 (see text). The results of cph and cgr calculations by for-

mulas (29), (30), and (27) are shown by solid and dashed-dotted line,

respectively. Dots indicate the results of experiment30 and dashed

line shows extrapolation of these data to higher frequencies.

for DAW. This enables experimental observation of the ex-

cited DIW.

V. DISCUSSION

In this Section, numerical estimates for the key parameters

of above-discussed theory under typical experimental condi-

tions are performed. To estimate the DIW parameters kd (21)

and ωd (22), it is sufficient to calculate Rnd0. Since Rni0 is

the recombination rate on a single particle, the flux of elec-

trons on a particle can be approximated by the expression√
8πne0vTea2e−Φ, where vTe =

√

Te/me. Therefore,

Rnd0 =
√

8π
vTend0a2

1+H
e−Φ. (39)

The ion diffusion coefficient required for calculation of the

parameters kd and ωd is estimated as D =
√

8/9πvTi/naσia,

where vTi = (Ti/mi)
1/2 is the ion thermal velocity; na =

pgas/Ta, pgas and Ta = Ti = 300 K are the pressure and tem-

perature of neutrals, respectively; and σia ≃ 2× 10−14 cm2 is

the ion–neutral collision cross-section.37

Under the conditions of experiment30, one can adopt he fol-

lowing input parameters: ni0 = 108 cm−3, nd0 = 7×104 cm−3,

Z = 103 (i.e., H = 2.4), 2a = 3.38× 10−4 cm, Te = 3 eV, the

argon pressure pgas = 11.5 Pa, and the resulting friction coef-

ficient ν = 41.4 Hz. Thus, we obtain and ωd/2π = 6.27 Hz,

ω ′
min/2π = 6.08 Hz, kd = 2.02 cm−1, cd = 19.5 cms−1, and

ν̃2 = 0.276. With a typical value ca = 2.0 cms−1, we have

α2 = 1.05× 10−3. To compare the dispersion relation (32)

with that obtained from experiment (Fig. 10 in Ref. 30), one

has to bear in mind that in this experiment, DIW was exter-

nally excited in a finite microparticle cloud whose length does

not exceed two to three DIW wavelengths 2π/kd. At the same

time, the theory proposed in this work implies the free wave

propagation in an infinite cloud. Then, at the minimum (cut-

off) frequency, the wave propagation must be transformed into

the forced vibrations of a whole cloud analogous to the forced

vibrations of an elastic body rather than to the wave propa-

gation in an infinite medium. From this viewpoint, the cut-

off frequency ω ′
min/2π can be associated with a sharp drop

of k with the decreasing excitation frequency less than 3 Hz.

Then, the characteristic wave vector kd should be juxtaposed

with the experimental data at the excitation frequencies above

3 Hz. It is noteworthy that at the lower frequencies, exper-

imental k drops almost exactly to 2π/L, where L is the mi-

croparticle cloud length, and this was observed for both argon

and neon. Note additionally that at the excitation frequencies

above 3 Hz, the frequency dependence of k may be depen-

dent on the choice of the coordinate interval selected for the

recovery of dispersion relation demonstrating both weakly in-

creasing and decreasing trends, the drop of experimental k in

the vicinity of the cutoff frequency being more or less pro-

nounced. Thus, from Fig. 10 in Ref. 30, one can conclude that

the theory overestimates the cutoff frequency by two to three

times while kd is in a good agreement with the experiment.

Such a situation is a consequence of a weak dependence of

kd on the complex plasma parameters and sensitivity of ω ′
min

to these parameters (see the discussion below). A quantita-

tive mismatch for ω ′
min may also arise from such factors as

the above-mentioned finite length of the microparticle cloud,

significant inhomogeneity of the latter in the direction of the

discharge axis not taken into account in the theory, and the

transverse oscillations mentioned in30 and not allowed for in

the proposed model. Another source of disagreement can be

the ionization–recombination kinetics Eq. (11). Albeit the ef-

fective ionization coefficient rather than the real one is implied

in this equation, the approximation of ionization by electron

impact may be too crude for the discharge in argon. Addi-

tional source of errors can be neglect of the dependence of

recombination term on the electron number density.

In spite of the cutoff frequency shift, proposed theory that

includes no adjustable parameters can be compatible with ex-

perimental data. Figure 4 shows the phase velocity (29) calcu-

lated for the DIW mode and juxtaposed with the results of its

experimental determination.30 Since the slope of a curve that

approximates the experimental dependence of cph on the ex-

citation frequency is almost constant, it is possible to extrap-

olate this dependence to the higher frequencies up to 15 Hz,

where the microparticle oscillations were not resolved exper-

imentally. One can see that at ω ′/2π ≥ 7 Hz, the calculation

results correlate with experimental data and their extrapola-

tion. The slopes of the calculated and extrapolation curves are

not much different. Note that correlation between the theory

and experiment could be significantly improved if ω ′
min was an

adjustable parameter. The high phase velocities as compared

to the typical DAW velocity, both calculated and experimen-
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FIG. 5. Characteristic DIW wave number kd (21) as a function

of the microparticle number density nd0 and diameter 2a for ni0 =
108 cm−3, Z = 103, Te = 3 eV, and the argon pressure pgas = 11.5 Pa.
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FIG. 6. Characteristic DIW frequency ωd (22) as a function of

the microparticle number density nd0 and diameter 2a for ni0 =
108 cm−3, Z = 103, Te = 3 eV, and the argon pressure pgas = 11.5 Pa.

tal, are worth mentioning. The group velocity cgr for the DIW

mode (30) is even higher in absolute magnitude (Fig. 4). Note

its negative sign that is characteristic of the ionization waves

in the pure gas discharge.

Figures 5 and 6 illustrate the sensitivity of key parameters,

kd and ωd , to the microparticle number density and diameter,

other parameters being fixed. It is seen that at 2a < 8 µm,

both parameters depend on nd0 rather weakly in the interval

nd0 = (7± 2)× 104 cm−3. It is noteworthy, however, that in

real complex plasma, all parameters are related. In any case,

the variation range of kd is notably smaller than that of ωd ,

which means essentially weaker sensitivity of ωd to the com-

plex plasma parameters.

One more important parameter relevant for the wave prop-

agation is the damping length. For both DIW and DAW

modes, the latter can be estimated as δ l = cph/ωdω ′′. For

the DIW mode at large frequences, cph ≃ ω/kd , and from

Eq. (28), ωdω ′′ ≃ ν/2 (see discussion in Sec. IV). There-

fore, δ l = 2ω/νkd → ∞ as ω → ∞. A typical damping length

for ω = ωd is thus δ l = 2cd/ν . For the estimates above

(cd = 19.5 cms−1 and ν = 41.4 Hz), we arrive at the esti-

mate δ l ≃ 1 cm, which is on the same order of magnitude

as the length of the camera field of view in the experiment.30

Hence, due to a considerable scatter of data and the micropar-

ticle cloud inhomogeneity damping of the excited DIW can

scarcely by detected. Since ν is proportional to pgas and cd is

independent of the gas pressure [Eq. (23)], δ l is inversely pro-

portional to pgas. This means that the pressure pgas ∼ 20 Pa is

the maximum one, for which DIW are observable at ω ∼ ωd .

Instead, for the DAW mode, cph ≃ ca and according to

Eq. (28), ωdω ′′ ≃ ν/2− β ωd/α . In the case that the insta-

bility coefficient β vanishes, the damping length δ l ≃ 2ca/ν
becomes very short. For ca = 2.0 cms−1, it amounts to δ l ≃
0.1 cm, which is much smaller than the microparticle cloud

length and even smaller than the DAW wavelength, which

is larger than at least 0.2 cm. However, δ l = 2αca/(αν −
2β ωd) → ∞ as β → αν/2ωd , which is illustrated by Fig. 3.

Thus, one can conclude that DIW can be externally excited

but DIW self-excitation is impossible. Instead, under proper

conditions, DAW can be self-excited but it is difficult to ob-

serve the externally excited DAW.

VI. CONCLUSION

In conclusion, a theoretical interpretation of DIW recently

observed experimentally on PK-4 setup on board the ISS is

proposed in this paper. The progressing waves were formed

in the elongated cloud of microparticles formed in the low-

pressure DC argon discharge. It was demonstrated that DIW

emerge due to the charge separation in plasma resulting from

the inhomogeneity of microparticle spatial distribution and

the consequent inhomogeneity of recombination rate. The

momentum equation for the “fluid” of microparticles also

accounts for the proper compressibility of the microparticle

cloud, friction of the microparticles against neutrals, and the

interaction between microparticles and streaming ions that

may lead to emergence of the self-excited oscillations.

We solve the linearized master equations to obtain the dis-

persion relation ω(k). Notably, this dispersion relation is a

junction of the DIW and DAW branches. Its significant prop-

erty is the existence of some cutoff frequency, below which

the wave propagation is impossible, and which is a point of

mode junction. In the extreme of high frequencies, the low

wave number kd that is almost independent of the frequency is

characteristic of the DIW branch while the high wave numbers

proportional to the frequency can be found along the DAW

branch. Since the DIW phase velocity scale cd is typically
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much higher than that for the DAW (cd ≫ ca), the DIW phase

velocity can be very high. At the same time, the ionization

correction to the DAW dispersion relation leads to the devia-

tion from the direct proportionality ω = cak. The DIW group

velocity is negative, which is a notable peculiarity of this wave

mode.

We have shown that the wave damping is quite different for

DIW and DAW. For DIW, damping is almost independent of

the instability coefficient, and, consequently, self-excitation of

DIW is impossible. However, due to the high phase velocity

the DIW damping length can be comparable with the length of

the microparticle cloud even in the case that the inverse time

of the microparticle deceleration is comparable to the real part

of the frequency. In contrast, for DAW the self-excited waves

can be excited under appropriate conditions. At the same time,

in the absence of instability the DAW damping length is posi-

tively too short to observe DAW in the experiment.

The estimates performed for the conditions of experiment30

lead to the characteristic wave number that is in a good agree-

ment with the experiment and to the characteristic frequency

two to three times higher than the experimental one. Possi-

ble reasons for such mismatch are finiteness of the micropar-

ticle cloud length that is on the same order of magnitude as

the DIW wavelength, a significant inhomogeneity of the mi-

croparticle number density in the cloud, neglect of the ex-

cited cloud radial (transverse) oscillations noted in Ref. 30,

inaccuracy in the assumption of the ionization by electron

impact, which is not the main channel of argon ionization,

and disregarded dependence of the recombination coefficient

on the electron number density. It is worth mentioning that,

in spite of some discrepancy in the minimum frequency, the

proposed theory matches the experimental dependence of the

DIW phase velocity on the frequency.

Apparently, DIW can be excited under special conditions

including a sufficient length of the microparticle cloud much

larger than the wavelength and a strong effect of the micropar-

ticles on both the charge balance and recombination rate,

which seems to encounter closer to the threshold of the dis-

charge extinction caused by the presence of microparticles.

The latter situation implies the large Havnes parameters of

complex plasma. The lack of sufficiently accurate experimen-

tal data concerning DIW complicates both the comparison be-

tween theory and experiment and improvement in understand-

ing of this phenomenon. Hopefully, future experiments will

clarify the dispersion relation behavior in the regions of cutoff

frequency and high frequencies. As for the theory, interac-

tion between the incident DIW and the finite-geometry cloud

of microparticles whose length is of the same order of magni-

tude as the wavelength is a separate problem to be addressed

in future. However, the solution of this problem can be based

on treatment of the problem of DIW propagation in an infinite

medium.
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