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Thermal fluctuations of clusters with the long-range interaction
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Analysis of surface fluctuation spectra is performed for a large cluster of particles interacting via a
sum of the short-range Lennard-Jones potential and long-range ±1/r potential, where the positive
sign corresponds to the gravity, and negative corresponds to the electrostatic interaction. The spectral
amplitudes of thermally driven capillary modes in a self-consistent field induced by cluster particles
including the modes with no axial symmetry are derived in the approximation of small amplitudes.
It is demonstrated that within used approximation, the surface tension is independent of the field
strength. The low wave vector amplitudes are damped by attracting field that compresses the cluster
and magnified by repulsing field leading to cluster fission. The fission threshold is found to be differ-
ent from that found by Bohr and Wheeler and Frenkel due to the replacement of the ordinary surface
tension by the bare one. Molecular dynamics study of a cluster with the long-range interaction in the
vapor environment is performed using a novel integrator for a multiscale system. Simulation scheme
implies rotation of the long-range components of forces acting on cluster particles thus vanishing
an artificial torque. Simulation results justify theoretical conclusion of modes damping and indepen-
dence of the surface tension of the field strength. Fission threshold evaluated from simulation data is
in a good agreement with theory. © 2011 American Institute of Physics. [doi:10.1063/1.3615529]

I. INTRODUCTION

Study of thermally driven capillary fluctuations
springs from the works by Gibbs,1 Smoluchowski,2 and
Mandelstam,3 who treated the liquid–vapor interface as a
more or less abrupt change of the density and predicted that
in the absence of an external effect, this interface is perturbed
by thermal fluctuations.4, 5 The microscopic structure of a
boundary between phases is an object of extensive theoretical
and experimental works (see, e.g., Ref. 6). In the last few
years, different theoretical approaches are developed. The
most popular one among them is the capillary wave model
(CWM), which implies that surface fluctuations are thermally
excited capillary waves. The system Hamiltonian is written in
the same form as the change of Gibbs free energy associated
with a surface fluctuation. Hence, this approach is capable
of describing the entire range of wavelengths despite the
fact that the short-wavelength modes are overdamped. In the
recent study by Blokhuis,7 a correction to this model, which
includes in a semi-empirical way the bend rigidity of the
interface, is discussed (see also Ref. 8). This model extension
leads to the dependence of the surface tension on wave
vector, which is substantial at short wavelengths. Tarazona
et al.9 have modified the density functional formalism based
on the van der Waals theory10 to include thermal capillary
waves and discussed a problem with convergence of the low
wave vector expansion of surface tension. A method derived
from the Fokker–Planck equation for the particle distribution
was applied to investigate surface fluctuation modes at equi-
librium by ten Bosch.11 For high wave numbers, collective
periodic motion of particles is induced in the interface, while
for the low ones, interparticle correlations decay with time.

a)Electronic mail: dmr@oivtran.ru. URL: http://oivtran.ru/dmr/.

In a recent experimental work,5 thermally driven fluctuations
of the interface between coexisting colloidal fluid phases
have been measured with confocal microscopy. Developed
theory of interfacial height fluctuations proved to be in a
good agreement with experimental data.

In most works, a flat interface fluctuations are studied,
while curved surface of a droplet or a large cluster is little
investigated as yet. In the work by Pavloff and Schmit,12 the
theory of thermal fluctuations of the surface of a liquid metal-
lic cluster is proposed. In a recent study,13 fluctuations of the
boundary of a two-dimensional fluid droplet were studied us-
ing the linear response theory and particle-based simulation
technique for binary mixtures. In Ref. 14, the data of molec-
ular dynamics (MD) simulation of a large cluster in equilib-
rium with supersaturated vapor were used for investigation
of its surface fluctuations. It was proposed to isolate cluster
cross sections formed by the particles confined within two
parallel planes at a short distance from cluster center of mass
and to calculate spectra of their two-dimensional boundaries
marked by the surface particles. We will call such spectra the
slice spectra. The CWM-based theory of cluster surface fluc-
tuations was developed in Ref. 15. A novelty of this theory
was the definition of the bulk fluctuations (BF) and resulting
isolation of the capillary fluctuations (CF). Cluster particles
were considered as a liquid phase with a constant density, and
the interface was associated with the abrupt change of density
from the liquid to vapor one. It was shown that BF arise from
randomnicity of the positions of cluster particles. The total
fluctuations are identified using coordinates of the surface or
pivot particles, and a net spectral density of CF are defined as
the difference between the total spectral density (CF+BF) and
that of BF. Another novelty of the CWM extension15 is the
cutoff that limits the number l in expansion of a fluctuation in
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spherical harmonics. The underlying idea is that the surface
curvature is limited due to formation of a kind of soft matter,
the virtual chains. By definition, the virtual chains are fluctu-
ation overhangs that comprise the groups of particles with a
number of neighboring particles less than five anchored to the
surface. They constitute the sharpest roughness of cluster sur-
face and are excluded by the definition of the fluctuation sur-
face. This leads to restrictions on the maximum curvature of
the latter and the minimum fluctuation wavelength and makes
it possible to relate the ordinary surface tension γ to the bare
surface tension γ0 that defines the fluctuation amplitudes.

To the best of our knowledge, surface fluctuations of clus-
ters with the long-range interaction are unexplored both ana-
lytically and numerically. The system under consideration is a
cluster of particles interacting via the potential that is a combi-
nation of the short-range Lennard-Jones part and a long-range
part that falls as the inverse distance. The latter may corre-
spond to the gravitational or Coulomb interactions and can be
taken into account in the approximation of a self-consistent
field induced by all cluster particles. Investigation of such sys-
tems is a challenging trend of research because the surface of
sufficiently large cluster (or droplet) can serve a good model
of a flat surface in an external field. Advantages of this ap-
proach are the spectral density independence of position on
the surface and the absence of the effect of simulation cell
boundary conditions. Note that no simulation was performed
so far to verify the fluctuation spectral density obtained the-
oretically for a surface subject to an external field.16 In par-
ticular, such simulation could bring insight to the problem of
the dependence of the surface tension on the field strength.
On the other hand, a strong long-range attraction simplifies
the investigation of the surface fluctuations at temperatures
close to the thermodynamic critical point, where γ is very low
and the fluctuation amplitudes are high. The field induced by
cluster particles reduces enormously the equilibrium density
of the vapor that surrounds the cluster thus removing such
intractable problems arising at high vapor density as the iden-
tification of system particles by their reference to cluster or
vapor, the definition of surface particles, virtual chains, etc.

Clusters with long-range interaction as an object of re-
search are of course of special interest for the nucleation the-
ory because they emerge during volume condensation of a
supersaturated vapor on admixtures, charged particles, and
molecules with a considerable dipole moment.17 As is known,
accurate information on thermodynamic properties of con-
densing substance is required for prediction of the nucleation
rate. They define the rate of size evolution for droplets with
surface or volume charge distribution as well as droplet sta-
bility. Therefore, investigation of surface fluctuation for clus-
ters with combined interaction can serve a source of useful
information.

A particular system with the short and long-range inter-
actions is nucleus. Nuclear fission can be described in the
framework of the liquid drop model, which represents a nu-
cleus as a uniformly charged droplet of a liquid. Bohr and
Wheeler18 and Frenkel19 have found a fission threshold by
consideration of small symmetric deformations of a nucleus.
In later studies,20, 21 higher order corrections in the nucleus
deformation parameter were included to estimate the effect

of nonlinearity. In this approach, the deformation energy is
defined with the same surface tension γ as the surface en-
ergy. However, the theory of surface fluctuations dictates that
γ should be replaced by γ0. This leads to a noticeable change
in the minimum charge necessary for fission. Treatment of
deformations in Refs. 18–21 is confined to axially symmet-
ric ones, and it is of interest to analyze the effect on fission
of asymmetric modes present in the thermal fluctuation spec-
trum. The interrelation between surface thermal fluctuations
and fission threshold must be important for a charged macro-
scopic droplet as well, irrespective of the charge location.

In this work, the theory of small thermally driven CF is
developed. The MD study is performed to check the main
theoretical conclusions and to go beyond the approximation
of small fluctuation up to cluster fission. Two components of
considered particle interaction potential give rise to two re-
spective spatial and time scales characteristic of treated sys-
tem. Simulation of such systems using standard numerical
integrators is impossible because an enormous energy drift
becomes indispensable.22 One of the most effective methods
successfully used for calculation of biological molecules is r-
RESPA (Ref. 23) and its modifications.24–26 To increase valid-
ity of our conclusions, a new multiscale integrator, the force
rotation scheme, is proposed that removes the problem of en-
ergy drift. It implies rotation of the long-range components
of the forces acting on individual particles, which vanishes an
artificial torque arising from cluster rotation. Obvious advan-
tage of this scheme is a direct compatibility with any thermo-
stat applied for a simulation ensemble. The MD simulation
performed with both integrators provides reliable information
on cluster evolution and allows one to determine the fission
threshold.

The paper is organized as follows. In Sec. II, the expres-
sion for fluctuation spectral amplitude with allowance made
for a long-range interaction is derived, and the fluctuation
spectrum is analyzed in Sec. III. In Sec. IV, the force rotation
scheme is discussed and compared with r-RESPA integrator.
Results of simulation are presented and compared with the-
ory in Sec. V. The paper ends with a discussion of results and
future directions.

II. LINEAR THEORY OF THE SURFACE
FLUCTUATIONS

Consider a cluster in the state of unstable equilibrium
with surrounding vapor, which has the constant temperature
T and number density nv . The particles that constitute a clus-
ter are assumed to interact via the pair additive potential,

u(r) = ushort(r) + ulong(r), (1)

including both the short and long-range components (r is the
interparticle distance). The cutoff Lennard-Jones potential,

ushort(r) =
{

v(r) − v(rc), r ≤ rc,

0, r > rc,

(2)

v(r) = 4ε

(
a12

r12
− a6

r6

)
,
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where rc = 2.5a is the cutoff radius, ε is the well depth, and
a is the length scale was selected as the short-range com-
ponent to make possible the comparison with the ordinary
Lennard-Jones cluster. The long-range component is written
in the form,

ulong(r) = −αγ0

gn�

1

r
, (3)

where g is the number of particles that comprise the cluster
or the cluster size and n� is the number density of particles,
which is assumed to be constant inside the cluster and whose
value is close to that of the liquid phase at the same temper-
ature in the vicinity of phase coexistence curve. Combination
of the dimensionless long-range interaction constant α and di-
mensional factor γ0/n� in Eq. (3) makes allowance both for
the Coulomb repulsion at negative α and for the gravitational
attraction at positive α. In what follows, it will be shown that
the factor g−1 included in Eq. (3) ensures independence of the
fluctuation spectrum of cluster size.

The cluster surface deformation is defined by the func-
tion ξ (r) (r is the radius-vector) so that the cluster surface in
the spherical coordinate system {r, ϑ, ϕ} is specified by the
equation r = R + ξ (ϑ, ϕ), where R = (3g/4πn�)1/3 is the
equimolar radius, and the equalities∫




ξ (ϑ, ϕ) dS = 0,

∫



dS = 4πR2 (4)

hold on the equimolar surface 
. We will assume that the
long-range interaction has no effect on the bare surface ten-
sion. The correctness of this assumption is validated in Sec. V
by the parachor considerations. Independence of the bare and
ordinary surface tension of the field strength is strongly sup-
ported by simulation results discussed in what follows. Hence,
the change of cluster Gibbs free energy corresponding to a de-
formation can be represented as

�� = [ξ (ϑ, ϕ)] + U [ξ (ϑ, ϕ)] − 0 − U0, (5)

where [ξ (ϑ, ϕ)] and U [ξ (ϑ, ϕ)] are the surface and
field energies arising from the short and long-range in-
teraction, respectively; 0 = [ξ (ϑ, ϕ) ≡ 0] = 4πγ0R

2 and
U0 = U [ξ (ϑ, ϕ) ≡ 0] are the energies of an unperturbed
state, i.e., of a spherical cluster.

We expand the fluctuation amplitude in spherical har-
monics Ylm(ϑ, ϕ),

ξ (ϑ, ϕ) =
∞∑
l=2

l∑
m=−l

almYlm(ϑ, ϕ), (6)

to derive15

[ξ (ϑ,ϕ)] − 0 � γ0

2

∫



|∇ξ (ϑ, ϕ)|2dS

� γ0

2

∞∑
l=2

l∑
m=−l

(l − 1)(l + 2)|alm|2. (7)

The bare surface tension γ0 in Eq. (7) is defined as a quantity
that relates the change in cluster surface area to corresponding
change in the Gibbs free energy and it has the meaning of
the surface tension of a perfect interface with no fluctuations.
Equation (7) is accurate to the second order in |alm|/R, and

it requires two conditions to be satisfied. The first one is a
small curvature of the fluctuation surface, |∇ξ (ϑ, ϕ)| � 1.
The second one is smallness of the interface width, i.e., of the
region, where CF occurs, as compared to the cluster radius,

(2π )1/2 σc

R
� 1, (8)

where σc is the interface variance resulting from CF

σ 2
c = 1

4πR2

∫



〈ξ 2(ϑ, ϕ)〉 dS = 1

4π

∞∑
l=2

l∑
m=−l

〈|alm|2〉. (9)

Here, angular brackets denote averaging and the interface
width (2π )1/2σc was borrowed from Ref. 14. Thus, the sur-
face energy is represented as a sum of individual energies of
noninteracting harmonics, and we will demonstrate that this
holds true for the field energy U [ξ (r)].

It is convenient to introduce the spatial distribution of
cluster particles number density for the perfect spherical state
unperturbed by CF,

n0(r) =
{

n�, r ≤ R,

0, r > R,
(10)

and the instantaneous number density distribution established
by the fluctuation ξ (ϑ, ϕ),

ñ(r) =
{

n�, 0 ≤ r − R ≤ ξ (ϑ, ϕ),

0, r < R or r − R > ξ (r),
(11)

if ξ (r) ≥ 0 and

ñ(r) =
{

−n�, ξ (ϑ, ϕ) ≤ r − R ≤ 0,

0, r > R or r − R < ξ (r),
(12)

if ξ (r) < 0. It follows from Eq. (4) and dr = drdS that∫
V

ñ(r) dr =
∫




dS

∫ R+ξ (ϑ, ϕ)

R

n� dr = 0. (13)

Obviously, Eq. (13) is equivalent to the definition of the
equimolar surface 
.

With potential Eq. (3), the cluster field energy U [ξ (ϑ, ϕ)]
is equal to the electrostatic energy multiplied by the factor
−αγ0/gn�e

2, where e is the charge of a single particle. Thus,

U [ξ (ϑ, ϕ)] = − 3

8π

αγ0

n2
�R

3

∫
V

∫
V

n(r)n(r′)
|r − r′| drdr′, (14)

where V is the volume within any surface that spans the
cluster and n(r) is the total particle number density distribu-
tion. Since n(r) = n0(r) + ñ(r), we can rewrite Eq. (14) in the
form,

U [ξ (ϑ, ϕ)] = U0 +
∫

V

ζ0(r)ñ(r) dr − 3

8π

αγ0

n2
�R

3∫
V

∫
V

ñ(r)ñ(r′)
|r − r′| drdr′, (15)

where

U0 = −α

5
0 (16)

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



044512-4 D. I. Zhukhovitskii J. Chem. Phys. 135, 044512 (2011)

and

ζ0(r) = − 3

4π

αγ0

n2
�R

3

∫
V

n0(r ′)
|r − r′| dr′ (17)

is the energy of a single particle in the field of unperturbed
particle distribution or the field potential. Obviously, ζ0(r)
= −αγ0/n�r for r ≥ R, and ζ0(r), dζ0(r)/dr are continuous
functions at the point r = R. Therefore if condition (8) is sat-
isfied, we can expand ζ0(r) in Taylor’s series about a point
r = R,

ζ0(r) � ζ0(R) + αγ0

n�R2
(r − R). (18)

Higher order terms in expansion (18) can be omitted because
they lead to the terms o(|alm|2 /R2) in the second term of (15).
Substitution of (18) into this term with due regard for (13)
yields∫

V

ζ0(r)ñ(r) dr = αγ0

R2

∫



dS

∫ R+ξ (ϑ, ϕ)

R

(r − R)dr

= αγ0

2R2

∫



ξ 2(ϑ, ϕ) dS. (19)

Using the normalization condition,

1

R2

∫



Ylm(ϑ, ϕ)Y ∗
l′m′(ϑ, ϕ) dS = δll′δmm′ , (20)

where δll′ is the Kronecker delta, and expansion (6) we can
express (19) in terms of the spectral amplitudes,∫

V

ζ0(r)ñ(r) dr = αγ0

2

∞∑
l=2

l∑
m=−l

|alm|2. (21)

Consider the third term in Eq. (15). If condition (8) is
satisfied the integration in this term is in fact performed in a
thin spherical layer in the vicinity of the spherical surface 
.
For this case, known formula for spherical functions can be
approximately written as

1

|r − r′| = 4π

∞∑
l=0

rl
<

(2l + 1)rl+1
>

l∑
m=−l

Y ∗
lm(ϑ, ϕ)Ylm(ϑ ′, ϕ′)

� 4π

(2l + 1)R

∞∑
l=0

l∑
m=−l

Y ∗
lm(ϑ, ϕ)Ylm(ϑ ′, ϕ′), (22)

where r< = min{r, r ′}, r> = max{r, r ′}, so that |r − r′| is a
function of ϑ, ϕ, ϑ ′, ϕ′ only. This allows one to represent the
third term in the form,

− 3

8π

αγ0

n2
�R

3

∫
V

∫
V

ñ(r)ñ(r′)
|r − r′| drdr′

= − 3

8π

αγ0

R3

∫



∫



dSdS ′

|r − r′|
∫ R+ξ (ϑ, ϕ)

R

∫ R+ξ (ϑ ′, ϕ′)

R

drdr ′

= − 3

8π

αγ0

R3

∫



∫



ξ (ϑ, ϕ)ξ (ϑ ′, ϕ′)
|r − r′| dSdS ′. (23)

Similar to Eq. (19), taking into account the interface width in
Eq. (22) would lead to terms of the order o(|alm|2 /R2) in the
field energy. Since ξ (ϑ ′, ϕ′) is a real function, we can write
ξ (ϑ ′, ϕ′) = ∑∞

l=2

∑l
m=−l a

∗
lmY ∗

lm(ϑ ′, ϕ′). On substitution of

Eq. (22) and expansion (6) into Eq. (23) with due regard for
Eq. (20), we arrive at

− 3

8π

αγ0

n2
�R

3

∫
V

∫
V

ñ(r)ñ(r′)
|r − r′| drdr′ = −3

2
αγ0

∞∑
l=2

l∑
m=−l

|alm|2
2l + 1

.

(24)

Representation of a small axially symmetric deformation of a
droplet in the form of a thin spherical layer was proposed in
Ref. 20. Note that in this paper, we treat arbitrary fluctuations
including axially asymmetric ones.

Eventually, we find the change in field energy

U [ξ (ϑ, ϕ)] − U0 = αγ0

∞∑
l=2

l − 1

2l + 1

l∑
m=−l

|alm|2, (25)

which is represented as a sum of individual harmonics [cf.
Eq. (7)]. Therefore, the total Gibbs free energy (5) is

�� = γ0

2

∞∑
l=2

[
2α(l−1)

2l+1
+ (l−1)(l+2)

] l∑
m=−l

|alm|2. (26)

The equipartition theorem makes it possible to find the aver-
age spectral amplitudes,

〈|alm|2〉 = 2l + 1

2α(l − 1) + (2l + 1)(l − 1)(l + 2)

kBT

γ0
, (27)

where kB is the Boltzmann constant. CF amplitudes (27) are
independent of R due to the factor g−1 included in Eq. (3).
Instead, modifications of potential (3) lead to a size depen-
dence of spectral amplitudes, which becomes apparent in
corresponding interface variances [cf. Eqs. (34)–(36)]. Also,
〈|alm|2〉 are independent of m, despite the fact that fluctuations
with no axial symmetry are allowed.

Spectral amplitudes vanish at l > �, where � is the
cutoff number defined by the average excess surface 〈�A〉
created by fluctuations. According to Ref. 15 the maxi-
mum fluctuation curvature is limited, which imposes the
condition on relative excess surface 〈�A〉/4πR2 = κ2/2,
where κ2 = 〈|∇ξ (ϑ, ϕ)|2〉. The universal constant κ = 0.548
defines the ratio between γ0 and γ that follows from
the expression for average surface energy 4πR2γ = (4πR2

+ 〈�A〉)γ0: γ /γ0 = 1 + κ2/2. We use this expression, the re-
lation 〈�A〉 = (1/2)

∑�
l=2

∑l
m=−l (l − 1)(l + 2)〈|alm|2〉, and

Eq. (27) to obtain the equation defining �,

�∑
l=2

(2l + 1)2(l − 1)(l + 2)

2α(l − 1) + (2l + 1)(l − 1)(l + 2)
= �2

0, (28)

where �0 = 2Rκ(πγ0/kBT )1/2 is the cutoff number for the
case α = 0. Note that �0 corresponds to the wavelength for
which the bend rigidity of the interface becomes important in
the approach discussed in Ref. 7. Thus, � is found from tran-
scendental equation (28), where summation can be replaced
by integration if �  1. In the case |α| � �2

0, we obtain
� � �0. For α � �2

0, this sum is estimated as �2 − α ln(1
+ �2/α) � �4/2α, whence it follows that

� � (2α�2
0)1/4. (29)
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The cutoff � increases with α to compensate the decrease of
the excess surface created by fluctuations due to lowering of
CF amplitudes. Contribution to the interface variance (9) from
CF,

σ 2
c = kBT

4πγ0

�∑
l=2

(2l + 1)2

2α(l − 1) + (2l + 1)(l − 1)(l + 2)
, (30)

does not diverge at large l due to finiteness of the cutoff �.

III. ANALYSIS OF FLUCTUATION AMPLITUDES

Consider three particular cases corresponding to specific
values of the parameter α.

(i) α = 0. In this case, we treat a conventional Lennard-
Jones system of particles, and Eqs. (27) and (30) are re-
duced to corresponding results of Ref. 15 [Eqs. (11) and
(19), respectively]. The interface width (2π )1/2σc diverges at
R → ∞ as (ln R)1/2.

(ii) α > 0. This is the case of a pseudogravitational
long-range interaction. The spectral amplitudes (27) are
damped by the field that compresses the cluster, this ef-
fect being more pronounced at small l. The amplitude
〈|alm|2〉 decreases monotonically with the increase of l

but the contribution to interface variance (30) from all
lth terms, i.e., from 2l + 1 spherical harmonics, has a
maximum. If l  1 in the region of interest, we derive
from (27) (2l + 1)〈|alm|2〉 � (kBT /γ0)[2l/(α + l2)] and σ 2

c

� (kBT /2πγ0)
∑�

l=2 [l/(α + l2)]. The function under sum-
mation has a maximum at l = α1/2 with the maximum contri-
bution kBT /4πγ0α

1/2. If α1/2 > �, a maximum contribution
to the variance is defined by the cutoff rather than spectral
profile. With estimate (29), this condition can be written as
α > 2�2

0.
It is also of interest to obtain a rough estimate for the

slice spectra, which can be calculated directly from simula-
tion data. Similar to Ref. 15, we assume that the contribution
from spherical harmonics with certain l is evenly distributed
between slice modes with the numbers k ≤ l, the harmonics
with even l contribute solely to l/2 even slice modes, and the
harmonics with odd l contribute to l/2 odd slice modes. Let
sk(l) be the contribution from all lth spherical harmonics to
the slice spectrum mode with the number k. If a fluctuation
was formed by the harmonics with a certain l  1, the sur-
face variance would be

l

2

sk(l)

2
�

⎧⎪⎨
⎪⎩

kBT

2πγ0

l

α + l2
, k ≤ l,

0, k > l.

(31)

Then the CF slice spectrum is obtained by summation of sk(l)
over l,

kQk = 2kBT k

πγ0

1

2

�∑
l=k

1

α + l2
� kBT

πγ0α1/2
k

×
[

arctan

(
�

α1/2

)
− arctan

(
k

α1/2

)]
, (32)

where the factor 1/2 accounts for the summation over even
or odd l. Result (32) is almost independent of the cluster size

FIG. 1. CF slice spectra in the units a2 estimated theoretically for T = 0.96,
g = 20 000 (R = 18.4), and different α.

due to a weak size dependence of the cutoff (29), � ∝ g1/6.
The product kQk , which is more convenient for analysis, has
a maximum at k = kmax defined by the condition d(kQk)/dk

= 0,

kmax �
(

α�2
0

8

)1/4

, kmaxQ(kmax) � kBT �0

23/2πγ0α1/2
. (33)

The quantity (33) vanishes as α−1/2 and at large α, CF ampli-
tudes can be lower than BF amplitudes. In this case, they are
unlikely to be resolved when analyzing simulation data. The
results of our derivation are illustrated by Fig. 1, for which γ

and n� obtained in Ref. 27 for the Lennard-Jones system were
used. Note lowering of the spectral maximum and increase of
the cutoff number with the increase of α.

We can estimate the CF interface variance (30) passing
from summation to integration,

σ 2
c � kBT

2πγ0

∫ �

0

l

α + l2
dl = kBT

4πγ0
ln

(
1 + �2

α

)
. (34)

At R → ∞ and α = const, � � �0 ∝ R, and variance (34)
diverges as ln R. The actual gravitational interaction ulong

= −γgrM
2/r , where γgr is the gravitational constant and

M is the particle mass, is obtained from Eq. (3) at α

= (4π/3)(γgrn
2
�M

2R3/γ0). Then at α  �2
0, � is defined by

Eq. (29), and �2/α ∝ 1/R1/2. The interface variance van-
ishes at R → ∞ as 1/R1/2,

σ 2
c � κ

4πMn�

(
6kBT

Rγgr

)1/2

. (35)

In this case, the contribution from BF can be comparatively
high.

For the fixed gravitational acceleration ggr = γgrMg/R2,
we should set α = Mggrn�R

2/γ0. With such α � �2
0, the ra-

tio �2/α and σc are independent of the cluster size, and we
arrive at the interface variance of a flat interface in the uniform
gravitational field,

σ 2
c = kBT

4πγ0
ln

(
1 + 4π

κ2γ 2
0

Mggrn�kBT

)
. (36)
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Equation (36) differs from the result obtained in Ref. 16
[Eq. (5)] in the argument of logarithm. This difference stems
solely from different definition of the cutoff � and is not of
fundamental importance. As is seen from Eq. (36), the fluctu-
ation spectrum does not diverge in the limits of large and short
wavelengths. According to a general theory of 1/f -noise,28

its integral divergence is always removed in both limits. The
long-wavelength modes are damped by some drift velocity
induced by the driving force (in our case, the gravitational
field), the short-wavelength ones, by the time correlations of
positions of the surface particles due to restriction imposed on
the maximum curvature.

(iii) −10 < α < 0. In this case, the repulsive long-range
interaction is the Coulomb-like. In contrast to the case α > 0,
repulsion results in the enhancement of spectral amplitudes at
small l. The most pronounced effect takes place for l = 2, and
at α = −10, the amplitudes 〈|a2m|2〉 have a singularity. This
means that the cluster becomes unstable relative to a small
deformation of its surface, which eventually leads to fission.
At α = −10, the relation between the surface and field en-
ergy of unperturbed state becomes U0 = 20. For the actual
Coulomb interaction, we have α = −gn�e

2/γ0, and the latter
relation becomes

3

5

Q2

R
= 8πγR2

(
1 + κ2

2

)−1

, (37)

where Q = ge is the total electric charge of a cluster.
Relation (37) defining the stability threshold of a uni-
formly charged drop differs from that obtained by Bohr and
Wheeler18 and Frenkel19 by the factor (1 + κ2/2)−1 ≈ 0.87,
i.e., fission occurs at lower charge than in the classical the-
ory. This is a consequence of the fact that the surface energy
and the fluctuation excitation energy are in fact functions of
different surface tensions, γ and γ0. One can speculate that
the surface tension in the Bethe–Weizseker formula and that
in the nuclear fission condition must also be different.

The greatest contribution to the interface variance is
made by the first term in the sum (30). We isolate this term
and neglect the dependence of other terms on α. Summation
over the harmonics with l ≥ 3 can be replaced by integration
using the Euler–MacLaurin expansion, which yields

σ 2
c = kBT

4πγ0

[
12.5

α + 10
+ ln

(2� − 1)(2� + 5)

27

]
. (38)

Similar to the case α = 0, variance (38) diverges at R → ∞
as (ln R)1/2.

It was noted in the foregoing that the linear theory, which
leads to Eq. (26), is valid only if condition (8) is satisfied.
According to the estimations made in Sec. V, the parame-
ter (2π )1/2σ/R is not small enough already at α < −6.5, i.e.,
well below the fission threshold. In other words, developed
theory is invalid in the vicinity of fission point. However, de-
spite the fact that the equilibrium fluctuation amplitudes in
this region are not described by Eq. (27), a supercritical clus-
ter nevertheless loses its stability at small deformations, for
which condition (8) is still satisfied. Therefore, it is possible
to formulate the condition of cluster fission as

α < −10 or U0 > 20. (39)

Interestingly, Rayleigh has found29 that a conducting liquid
drop becomes unstable at Q2/2R > 8πγR2. With the field
energy of unperturbed state U0 = Q2/2R, this condition is the
same as that obtained in Refs. 18 and 19. In our notation, this
is U0 > 2(γ /γ0)0, which differs from Eq. (39) by the factor
1 + κ2/2. Therefore, one can expect that a conducting liquid
drop also becomes unstable at the charge similarly lower than
that predicted by the classical theory.

IV. SIMULATION PROCEDURE

In order to verify main predictions of developed theory
and to go beyond the small fluctuation approximation, we
performed the MD simulation of a large cluster composed of
particles interacting via potential (1)–(3). A suitable method
for the simulation of a cluster in a homogeneous vapor is the
(P, T ) ensemble.30 The cluster is placed in the center of a
spherical cell and is shifted to this point as its center of mass
drifts too far away. The cell surface generates vapor particles
with the Maxwell velocity distribution, and the particles that
reach the surface from inside are removed from simulation en-
semble. A criterion formulated in Ref. 14 was used to distin-
guish between vapor and cluster particles. If the cell radius Rc

is sufficiently larger than the cluster radius R, the stationary
Maxwell vapor particles distribution with the number density
nv and temperature T is established inside the cell.

In this study, a cluster in the state of unstable equilib-
rium with ambient vapor with respect to infinite growth or
complete evaporation is treated. In such state, g can be con-
sidered as a constant for a sufficiently long time. However,
the long-range interaction can noticeably shorten the time of
instability development over the course of the simulation as
compared to the ordinary Lennard-Jones system. To reduce
this effect, simulation was performed for the long-range po-
tential ulong(r) = −αinitγ0/ginitn

(0)
� r instead of Eq. (3), where

αinit is the interaction constant, ginit is the initial cluster size at
the beginning of a run, and n

(0)
� is the number density of clus-

ter particles at α = 0. This potential is similar to the Coulomb
interaction between equal charges or to the gravitational inter-
action between equal masses, depending on the sign of αinit.
Since n� depends on α, it can be determined after the run, and
the actual α is then calculated as

α = ḡn�

ginitn
(0)
�

αinit, (40)

where ḡ is the time-averaged cluster size.
The MD simulation of a cluster comprising a great

number of particles g implies construction of cutoff-based
nonbonded pairlists.31 The force acting on a particle and
calculated at each time step is assumed to be a sum of forces
between given particle and its nearest neighbors. The pairlists
for each particle are updated once in N  1 time steps. Since
the number of forces to be calculated scales as g rather than
g2, this procedure increases the calculation efficiency by
orders of magnitude. Such method works perfectly for the
short-range force but it fails if the long-range component
is included. The combination of short and long-range com-
ponents in the interaction potential implies two scales, both
spatial and temporal, which differ in orders of magnitude. It
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may seem sufficient to re-calculate the long-range component
of the force every N time steps. However, this would lead
to an intolerable energy drift (see, e.g., Ref. 22). The Ewald
summation32 effectively reduces the long-range electrostatic
interaction to a short-range one in the case of zero total
charge when the electrostatic potential is screened at a short
distance. In a system of like charges similar to that treated in
this work, this method is unusable.

A general approach to the simulation of systems with
multiple scales is the development of time-reversible nu-
merical algorithms such as r-RESPA integrator23 and its
modifications,24–26 which are widely used in simulation of
biological molecules. To handle the problem of energy drift
in systems with two time scales, we will construct a new al-
gorithm by elimination of a physical ground for the energy
drift. Such algorithm is likely to be free of some shortcomings
typical for r-RESPA, e.g., of the resonance artifact,22, 33–35

and, which is more important, it can be directly incorporated
with any simulation ensemble and thermostat, e.g., the grand
canonical ensemble with the Berendsen thermostat.36

Consider a numerical algorithm, which implies calcula-
tion of the short-range force component at each time step and
the long-range, at every N th time step. During N time steps,
the cluster rotates as a whole, and the long-range forces skew
in the same direction. This leads to the emergence of an artifi-
cial torque that increases the speed of rotation. Resulting gain
in the rotational kinetic energy is accumulated and cannot be
compensated or even stabilized by viscosity of the ambient
vapor particles. This effect is unavoidable if the long-range
components of forces acting on the ith particle,

Fi = {Fxi, Fyi, Fzi}=−
∑
j �=i

∇ulong(rij ) = αγ0

ḡn�

∑
j �=i

rj − ri

r3
ij

,

(41)

where rij = |ri − rj | are not calculated at each time step. In
spite of this fact, we can handle the problem if we replace
the vector Fi by that rotated around the axes of a coordinate
system X, Y, Z at the Euler angles ψ1, ψ2, ψ3. We denote
the rotated vector by F′

i and require that the total torque is
zero, ∑

i

ri × F′
i = 0, (42)

where ri = {xi, yi, zi} is the radius vector of the ith particle
and summation is performed over all cluster particles. Note
that from

∑
i Fi = 0 follows

∑
i F′

i = 0, i.e., rotation has no
effect on the cluster translational energy.

To generate almost isotropic homogeneous vapor envi-
ronment for the cluster and to avoid unnecessary complica-
tions in the theoretical interpretation of simulation results, we
will ignore the long-range interaction between two particles
if at least one of them belongs to the vapor. Such assump-
tion corresponds to the case of a droplet with screened charge
in the vapor of neutral molecules. Particles of the system are
classified by belonging to vapor or cluster (liquid phase) at
the same time as pairlists are updated, i.e., at every N th time
step. Therefore, due to condition (42), the long-range interac-
tion does not contribute to the change of angular momentum

over the course of N time steps. However, the cluster angu-
lar momentum does change during this period owing to the
short-range interaction between cluster and vapor particles.
Upon particle classification updates, it changes also, but this
is unlikely to cause an artificial energy drift.

Thus, the numerical algorithm can be realized as follows.
First, we calculate the initial set of forces Fi at the zeroth
time step and, at the next N time steps, we integrate the par-
ticle equations of motion with the forces F′

i instead of Fi . At
the N th time step, we update Fi , etc. Since we update Fi and
the pairlists with the same pair distances, the overall cost of
a loop of N time steps scales as g, i.e., as for the ordinary
Lennard-Jones system. To obtain F′

i , rotation angles that sat-
isfy condition (42) should be first calculated. Rotated forces
are related to initial ones as

F′
i = Ê(ψ1, ψ2, ψ3) Fi , (43)

where

Ê(ψ1, ψ2, ψ3)

=
⎛
⎝ 1 0 0

0 cos ψ1 − sin ψ1

0 sin ψ1 cos ψ1

⎞
⎠

⎛
⎝ cos ψ2 0 − sin ψ2

0 1 0
sin ψ2 0 cos ψ2

⎞
⎠

×
⎛
⎝ cos ψ3 − sin ψ3 0

sin ψ3 cos ψ3 0
0 0 1

⎞
⎠ . (44)

The angles of rotation are defined by equation set (42)–(44).
Since the operator of rotation at finite angles is too bulky, we
can solve the equation set by iterations. Assuming that the
conditions |ψ1,2,3| � 1 are satisfied, we replace operator (44)
by the infinitesimal one,

Ê(ψ1, ψ2, ψ3) �
⎛
⎝ 1 −ψ3 −ψ2

ψ3 1 −ψ1

ψ2 ψ1 1

⎞
⎠ . (45)

We substitute Eq. (45) in Eq. (43) and then Eq. (43) in Eq. (42)
to obtain a set of linear equations defining the first-iteration
rotation angles ψ

(1)
1 , ψ

(1)
2 , ψ

(1)
3 ,⎛

⎜⎜⎜⎝
∑
i

(Fyiyi + Fzizi)
∑
i

Fxiyi −∑
i

Fxizi∑
i

Fyixi

∑
i

(Fxixi + Fzizi)
∑
i

Fyizi

−∑
i

Fzixi

∑
i

Fziyi

∑
i

(Fxixi + Fyiyi)

⎞
⎟⎟⎟⎠

×
⎛
⎝ψ

(1)
1

ψ
(1)
2

ψ
(1)
3

⎞
⎠ =

⎛
⎜⎜⎜⎝

∑
i

(Fyizi − Fziyi)∑
i

(Fxizi − Fzixi)∑
i

(Fxiyi − Fyixi)

⎞
⎟⎟⎟⎠ . (46)

We substitute forces (41) in Eq. (46) for rotated ones F(1)
i

= Ê(ψ (1)
1 , ψ

(1)
2 , ψ

(1)
3 ) Fi to calculate the second-iteration cor-

rections ψ
(2)
1 , ψ

(2)
2 , ψ

(2)
3 to first-iteration angles. Linearity of

infinitesimal operator (45) makes it possible to calculate the
sought forces,

F′
i � Ê

(
ψ

(1)
1 + ψ

(2)
1 , ψ

(1)
2 + ψ

(2)
2 , ψ

(1)
3 + ψ

(2)
3

)
Fi . (47)

With forces (47), condition (42) is satisfied accurate to almost
the computer floating-point operations error. Since set of lin-
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ear equations (46) is easily solved numerically, the cost of
force rotation is negligibly smaller than that of the local short-
range force calculation, so the increase in calculation time is
insignificant.

Since the cluster exchange particles with the vapor, the
total energy is not conserved, and we cannot estimate the
energy drift directly but we can monitor the cluster kinetic
energy and relate it to the temperature using the equipar-
tition theorem. Separation of cluster degrees of freedom
makes it possible to introduce the translational temperature
Ttr = Mgv2

cm/3kB , where vcm = g−1 ∑
i vi is the velocity

of cluster center of mass, the vibrational temperature Tvib

= (M/3gkB)
∑

i v
2
i , which determines the surface tension

and evaporation rate, and the most interesting quantity, the
rotational temperature Trot , which requires a special defini-
tion for a liquid cluster. Assume that the origin of a co-
ordinate system is placed at cluster center of mass. If the
cluster was a solid the rotational part of its kinetic energy
would be Erot = (Mω2/2)

∑
i r

2
⊥i , where ω is the angular

velocity, r2
⊥i = r2

i − (ri · K)2/K2, K = M
∑

i ri × vi is the
angular momentum, vi is the velocity of ith particle, and
K = |K| = Mω

∑
i r

2
⊥i . We rewrite the rotational energy in

the form Erot = K2/2M
∑

i r
2
⊥i to define the temperature,

Trot = 2Erot

3kB

= K2

3MkB

∑
i

r2
⊥i

. (48)

We used Eq. (48) to trace the energy drift over the course
of test runs using the basic Verlet,31 r-RESPA,23 and force
rotation [Eq. (47)] numerical algorithm. In what follows, we
use the MD units: τ0 = a

√
M/24ε for the time, a for the dis-

tance, a−3 for the particle number density, ε for the energy
and temperature expressed in energy units, and ε/a2 for the
surface tension. In all runs reported in this work, the time step
was 0.05 and N = 100. For test runs, the case of a strong at-
tractive long-range interaction was selected. To avoid cluster
solidification, the vapor generated in a cell had sufficiently
high temperature of 0.9547. Typical results of the runs are
shown in Fig. 2. It can be seen that the basic Verlet inte-
grator, which for our ensemble is equivalent to the standard
velocity Verlet integrator, reveals instability of the rotational
temperature from the very outset of the run. Although the va-
por is dense, Trot cannot be stabilized by collisions with vapor
particles. Already after a short time interval, the energy drift
looks like an avalanche, which is indicative of the fact that
this integrator is unusable. On the contrary, the force rotation
scheme and r-RESPA demonstrate a stable behavior of Trot.
In so doing for the force rotation scheme, the average of this
quantity was lower and closer to supposed system tempera-
ture (0.8923) than for r-RESPA (1.103), i.e., r-RESPA results
in some “rotational overheat” reproduced in other test runs.
Seemingly, this overheat can be accounted for by more intense
energy re-distribution between vibrational and rotational de-
grees of freedom, which leads to better stabilization of Tvib.
In fact, for the force rotation and r-RESPA schemes, Tvib in-
creased slowly with the time reaching 1.08 and 0.99 at the end
of runs, respectively. This increase seems to result from the

FIG. 2. Time dependence of the rotational temperature for the basic Ver-
let, force rotation, and r-RESPA integrators obtained for the runs with ginit
= 20 000, T = 0.955, and α = 445.

method of vapor generation in (P, T ) ensemble and nonide-
ality of the vapor, whose temperature was slightly increased.
Instead, cluster translational temperature Ttr showed no pro-
nounced tendency and did not deviate considerably from the
system temperature. We see that in a strict sense, even the un-
stable equilibrium cannot be established in such system, and
the vapor generated by the cell surface is insufficient as a ther-
mostat. Hence, we have to introduce an additional thermostat.
Although for |α|’s one order of magnitude lower, no appar-
ent increase in Tvib was registered in test runs, one needs
a thermostat to eliminate the effects of relaxation processes
and temperature fluctuations on sensitive parameters to be de-
termined in the simulation, such as condition of cluster fis-
sion (39).

For the (P, T )-ensemble simulations, it is convenient
to use the Berendsen thermostat in the way it was done in
Ref. 30. With this thermostat, the standard deviation of Tvib

from the thermostat temperature T is ∼0.002 T , i.e., it is neg-
ligibly small. To reach equilibrium between the cluster and
vapor, the vapor number density should be adjusted to the sat-
uration vapor density over cluster surface. For this purpose,
the vapor number density was corrected at each N th time step
according to the formula nv = ninit + 4.66 × 10−6(g − ginit),
where ninit is the vapor density preassigned at the beginning
of a run, and the factor 4.66 × 10−6 ensures the absence of
self-sustained oscillations of vapor density and, at the same
time, reasonably small fluctuations of the cluster size g.

Simulations were performed using the force rotation
scheme with the Berendsen thermostat for different values of
α and T but for the same ginit = 20 000 and the cell radius of
42. The simulation time was 50 000 for all runs unless those
terminated at the instant of cluster fission. The coordinates of
all system particles were recorded with the time interval of
25 and stored for subsequent processing. Some of the runs, in
particular, those for α = 445 and in the vicinity of α = −10,
were repeated using r-RESPA for comparison. For such runs,
the simulation time was 12 500.
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TABLE I. Time averaged cluster sizes and particle densities inside the clus-
ter and vapor for different long-range interaction strengths and temperatures.
Standard deviations are given in parenthesis.

α T ḡ n� nv

–10.078 0.75 19 922 (117) 0.7485 (0.0109) 0.01501 (0.00057)
–9.576 0.75 19 931 (71) 0.7472 (0.0114) 0.01490 (0.00033)
–9.373 0.75 19 974 (103) 0.7489 (0.0106) 0.01493 (0.00037)
–8.812 0.75 19 903 (67) 0.7497 (0.0105) 0.01482 (0.00031)
–7.874 0.75 19 914 (69) 0.7532 (0.0077) 0.01477 (0.00031)
–6.917 0.75 19 922 (73) 0.7560 (0.0072) 0.01469 (0.00033)
–4.956 0.75 19 981 (101) 0.7562 (0.0076) 0.01466 (0.00074)
10.033 0.75 19 936 (97) 0.7670 (0.0068) 0.01333 (0.00030)
445.15 0.9547 19 803 (100) 0.7684a (0.0085) 0.02514 (0.00207)

aVolume average.

V. SIMULATION RESULTS

Parameters of runs performed using the force rotation
scheme are listed in Table I. It can be seen that for all
parameters, the standard deviations are low. The number
densities of cluster and vapor particles depend on the pa-
rameter α: for α < 0, n� < n

(0)
� and nv > n(0)

v , where n
(0)
�

= 0.762 (Ref. 14) and n(0)
v = 0.014 (Ref. 15) are the liq-

uid and vapor number densities for α = 0, respectively. This
effect becomes more pronounced as |α| increases. Also re-
call that nv depends appreciably on R. On the contrary,
for α > 0 and T = 0.75, n� > n

(0)
� and nv < n(0)

v . This fact
is illustrated by Fig. 3, which shows the spatial distribu-
tion of cluster particles average number density n̄(r) = 〈n(r)〉
= (4πr2)−1d 〈N〉 /dr , where 〈N〉 is the time-averaged total
number of internal and surface particles within the sphere
of radius r centered at the cluster center of mass. It is
seen that in the bulk of a cluster, n̄(r) decreases slightly
for α = 10.0 and increases for α = −4.96 as r increases.
Both CF and BF contribute to the total interface variance σ 2

= σ 2
c + σ 2

b , where σ 2
b is the BF interface variance. The con-

tribution from CF can be estimated using Eqs. (34) and (38),
and calculation of the BF contribution14, 15 yields σ 2

b = �2/12
= (4π )2/334/3/(2�n

1/3
� )2, where � is the scale of a distance

between the surface particles, � = gsg
−2/3 ≈ 5.25 at large R,

and gs is the number of surface particles. The total average
interface width is then (2π )1/2σ . For α = 10.0 and −4.96,
estimated widths of 2.33 and 2.83, respectively, agree with
visible curve widths in Fig. 3. Note that the contribution from
CF is greater than that from BF: σ 2

c /σ 2
b = 2.41 and 3.95, re-

spectively. Here and in what follows, we use the interpolation
of temperature dependence of the surface tension γ obtained
in Ref. 27 for the same short-range potential. Whereas for
|α| ∼ 10 the quantity n̄(r) is almost constant inside a cluster
and changes sharply in the interfacial region, for α = 445 and
T = 0.955, the density change inside the cluster is quite ap-
preciable, which is a result of strong pseudogravitational self-
compression. For this case, we will define the cluster radius
R and volume averaged number density n� based on common
assumption that at r = R, the average density is twice as low
as n�: n̄(R) = n�/2 = (3/8π )ḡ/R3, which yields R = 18.3
and n� = 0.768. Although the assumption n̄(r) � n� seems
to be crude in treated case, it is justified by rather low sensi-

FIG. 3. Time averaged distribution of cluster particles number density for
different α.

tivity of the results to n�. This cluster particle density defines
the actual value of long-range interaction constant (40).

The CF slice spectral amplitudes Qk were obtained by
processing stored MD simulation data.14 The error bars were
calculated for Q2 because it is this quantity that is most
sensitive to α. In so doing, the time correlation of Q2(t)
was taken into account. The time autocorrelation function
〈Q2(t + τ )Q2(t)〉 showed the exponential decay with the cor-
relation time τ . The latter varied from 325 to 1725 as α de-
creased from −6.92 to −9.37. The amount of sampling was
estimated as t/τ , where t is the simulation time.

Results of spectra calculation are shown in Fig. 4 for the
case of a strong pseudogravitational interaction. The ampli-
tudes of slice spectral modes obtained from MD simulation
exhibit a fast convergence as the time averaging is performed.
Accordingly, the error bar is narrow in this case, and it is pos-
sible to carry out a short-time run using r-RESPA. No appar-
ent difference between spectral amplitudes calculated from
the simulations based on the force rotation scheme and r-
RESPA is revealed. The BF spectrum required for isolation
of the CF spectrum from the total one was calculated for sim-
ulated cluster truncated at the radius R̄ = 17.6. This radius is
close to the average distance from the cluster center of mass to
the surface particles, which are situated at the instantaneous
surface of abrupt density change from liquid to vapor. The
thickness of slices was calculated for the density correspond-
ing to R̄, h = 1/31/2[n̄(R̄)]1/3. It can be seen that the lowest
fluctuation modes are strongly suppressed by the field, which
removes the divergence of spectrum at small k. This corrob-
orates a principal conclusion concerning suppression of the
long-wavelength CF modes by the gravitational field made by
Buff et al.16 It is seen that CF and BF spectra are of the same
order of magnitude, which means that selected α refers to a
strong field. Theoretical CF amplitudes (27) calculated with
the cutoff � defined by Eq. (28) were converted to the slice
spectrum using the method discussed in Ref. 15 to be com-
pared with the result of numerical simulation. A good corre-
lation between theory and simulation is noteworthy. The max-
imum heights of simulation and theoretical spectra are almost
equal, positions of the maxima differ insignificantly (11 vs.
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FIG. 4. Slice spectrum of CF for α = 445 and T = 0.955 obtained from
simulation and the result of its theoretical calculation and rough estimate (32).
The BF spectrum is shown for reference.

13). As is seen in Fig. 4, rough estimate (32) is also in a rea-
sonable agreement with simulation result.

At k > 21, the theory underestimates simulation data.
It was demonstrated in Ref. 37 that if a spectral cutoff (in
our case, � = 23) is replaced by a finite-width region, where
spectral amplitudes vanish, almost exact reproduction of the
simulation spectrum by the theory with adjustable width can
be attained. Apparently in the region 5 < k < 8, the differ-
ence between theory and simulation is a result of a noticeable
computational error due to the replacement of exact expres-
sions for Ylm(ϑ, ϕ) by approximate ones.15 Interestingly, the
rough estimate agrees better with the simulation spectrum in
this region.

Note that the results of theoretical calculations are much
more sensitive to κ than to other parameters, such as γ , n�,
and R̄. Variation of κ showed that in our case, its best fit value
is almost the same as for the ordinary Lennard-Jones cluster,
κ = 0.548. Thus, we can conclude that κ is a universal con-
stant independent of the field strength. The following consid-
erations establish the independence of the field strength of γ0

and γ . The same arguments that lead one to the constancy
of parachor38 can be applied for the bare surface tension. By
its definition, it is the surface tension of a flat interface and,
therefore, it is a function of solely the cluster particles number
density provided that the vapor density is low. As the pseudo-
gravitational static pressure at the instantaneous fluctuation
surface marked by surface particles vanishes, the density on
this surface must be close to that in the absence of a long-
range interaction. Indeed, n̄(R̄) is close to the bulk liquid den-
sity at the same temperature.27 This means that γ0 is indepen-
dent of the field strength. The relation γ = γ0(1 + κ2/2) leads
us to the conclusion that the surface tension is independent of
the field strength as well. This must hold true at least up to
the field strength, at which CF and BF spectral amplitudes
become equal. According to estimate (33), where �0 = 17,
CF vanish at α > 2000 for the conditions of Fig. 4 [conver-
sion of Eq. (27) to slice spectra yields the estimate α > 1600],
and microscopic structure of the interface must change quali-
tatively.

FIG. 5. Same as in Fig. 4 for α = 10.0, T = 0.75.

Recall that γ independence of α is a consequence of
assumed constancy of 〈�A〉 /4πR2, where 〈�A〉 is the ex-
cess surface area induced by CF. This constancy is realized
due to appropriate increase of � with the increase of α.
It is illustrative to discuss an alternative spectral cutoff. If
we defined the minimum CF wavelength as the interparticle
distance in liquid, the cutoff would be �̃ = πRn

1/3
� . It fol-

lows from the definition of γ0, 4πγR2 = (4πR2 + 〈�A〉)γ0,
and the estimate 〈�A〉 � kBT �̃2/2γ0 valid at |α| � �̃2 [cf.
Eq. (28)] that γ0/γ = 1 − πkBT n

2/3
� /8γ . Consequently at

γ < πkBT n
2/3
� /8, i.e., at sufficiently high temperature close

to the critical one, we obtain no positive solution for γ0. This
is the case for conditions of Fig. 4 (�̃ ≈ 60, πkBT n

2/3
� /8γ

≈ 2). Such principal difficulty is removed in developed the-
ory, which is brought in correspondence with MD simulation
data.

At large α, almost all CF spectral modes in Fig. 4 are
strongly modified by the field, whereas at much lower α’s,
this effect extends primarily to the lowest modes (Figs. 5 and
6). Figure 5 shows that the long-range attraction results in a
significant suppression of modes with low k, which is quali-
tatively similar to the case illustrated by Fig. 4, while the re-
pulsion at negative α (Fig. 6) leads to a substantial increase in
the amplitude of the mode k = 2 corresponding to the ampli-
tudes (27) with l = 2. Both effects are predicted by the theory.
It can be seen that at k ≥ 10, the differences between CF and
BF spectra shown in Figs. 5 and 6 are minor. For the most
part, they are caused by the difference in n�. Note a satisfac-
tory agreement between CF theory and simulation in both fig-
ures. Apparently, the discrepancy at k = 6 and 7 is due to the
same reason as in Fig. 4, namely, to the roughness of spherical
harmonics approximation.

In Fig. 6, the theory overestimates MD simulation data
for k = 2 and 3. Such overestimation, by a small amount, has
already been registered in Ref. 15 for α = 0. Albeit this dis-
crepancy was removed by adjustment of parameters of the fi-
nite range, where the spectrum vanishes,37 it becomes enor-
mous as α decreases (Fig. 7). This cannot be explained by a
finite range of vanishing because the amplitude of the mode
with k = 2 becomes too high to be affected by modes with
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FIG. 6. Same as in Fig. 4 for α = −4.96, T = 0.75.

l > 2. It can be seen that the theory based on Eq. (27) flaws
already at α < −6.5, which implies inapplicability of the in-
dependent modes theory with the Gibbs free energy, Eq. (26).
This is not surprising because for such α’s, principal condition
of validity (8) is violated. In fact, the parameter (2π )1/2σc/R

varies from 0.16 to 0.31 as α decreases from −6.92 to −9.58,
while for higher α including the case T = 0.955 this param-
eter is less than 0.14. The second peculiarity of spectral am-
plitudes calculated from MD simulation data lies in the fact
that extrapolation of their curve fit does not have a singularity
at the point α = −10. Instead, the extrapolation almost coin-
cides with Q2 typical for the stage of a supercritical cluster
prior to fission (precursor stage, see Fig. 8). Note that the er-
ror bars become noticeably larger with the decrease of α due
to the increase both in the correlation time τ and in the magni-
tude of amplitude fluctuations. For this reason, it is meaning-
less to perform simulations too close to the point of fission.
Similarly to the dependence Q2(α), the function τ (α) appar-
ently has no singularity at this point as well.

FIG. 7. Amplitude of the second slice spectral mode as a function of
the long-range interaction parameter. Theoretical calculations are based on
Eq. (27) (m = 0, 1, 2) and this equation with α = 0 for all modes but m = 0.
Dots and line represent the amplitudes from simulation data and their curve
fit, respectively. For the precursor stage (see Figs. 8 and 9), a typical level of
the mode amplitude is shown by triangle.

FIG. 8. Time evolution of the cluster deformation parameter for the su-
percritical (α = −10.08) and subcritical (α = −9.58) long-range interaction
constant.

In order to find the reason of such a considerable discrep-
ancy between theory and simulation, the geometric shape of a
cluster during its evolution was investigated. Since the modes
with l = 2 dominate at α < −6.5, we can approximate a clus-
ter by a three-axial ellipsoid. In addition, we can neglect BF
as compared to CF, and so the difference between CF and to-
tal spectrum is ignored. For each particle configuration stored
over the course of MD simulation, a search for the slice plane
with maximum spectral amplitude at k = 2 was performed.
We denote this amplitude by Smax. Obviously, the longest axis
of the ellipsoid lies in this plane. There are two more slice
planes perpendicular to the latter, one of which containing
the longest ellipsoid axis and the other being perpendicular
to this axis. Respective amplitudes at k = 2 are denoted by
S1 and S2. If we introduce the quantities S> = max{S1, S2}
and S< = min{S1, S2} then the ratios S>/Smax and S</Smax

depend on the relative amplitudes of spherical modes with
l = 2 and m = 0, 1, and 2. In particular, for m = 0 (two-
axial ellipsoid), S>/Smax = 1 and S</Smax = 0. For m = 1
and 2, we have (S>/Smax)1/2 ∼ (S</Smax)1/2 ∼ 1. The quan-
tity 〈S</Smax〉 evaluated for the runs with different α de-
creases from 0.3 to 0.06 as α decreases from −4.96 to −9.58.
This is the evidence of the fact that proportion between the
modes with different m changes in favor of the axially sym-
metric mode with m = 0 as the fission point is approached.
This clearly points to the necessity to take into account the
effects beyond the approximation of harmonic oscillators, in
particular, anharmonicity and coupling of modes. We can,
therefore, interpret Fig. 7 as follows. Nonlinear effects are
more pronounced for m = 1, 2 at α < −6.5, where the mode
with l = 2 and m = 0 dominates. We can roughly estimate
the effect of nonlinearity by setting α = 0 in Eq. (27) for m

= 1 and 2, so that 〈|a20|2〉 = 5kBT /2γ0(α + 10) and
〈|a21|2〉 = 〈|a22|2〉 = kBT /4γ0. This approximation implies
the strongest possible restriction on the amplitudes of asym-
metric modes and neglect of nonlinear effects for the axially
symmetric mode. For such amplitudes, theoretical calcula-
tion of Q2 conforms to the amplitudes from simulation data
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qualitatively (see Fig. 7). Underestimation of the simulation
data by theory points to the significance of nonlinearity. For
α < −9.6, it affects even the axially symmetric mode thus re-
moving the singularity in the vicinity of α = 10.

We can advance in the investigation of cluster geomet-
ric shape if we bear in mind that in the vicinity of fission
point, the cluster is almost a two-axial ellipsoid. We denote
the slice mode amplitude at k = 0 (average squared radius of
the slice boundary) by S⊥. For a prolate ellipsoid, this am-
plitude is implied to be calculated in the plane perpendicu-
lar to the longer axis, for an oblate one, in the plane perpen-
dicular to the shorter axis. For a plane, in which this longer
(shorter) axis lies, the slice boundary is approximated by the
equation r = S

1/2
‖ + S

1/2
max cos 2ϕ, where S‖ is the slice mode

amplitude at k = 0 calculated in respective plane. Therefore,
the ratio of axis lengths c and a is c/a = (S1/2

‖ + S
1/2
max)/S1/2

⊥
and c/a = (S1/2

‖ − S
1/2
max)/S1/2

⊥ for prolate and oblate ellip-
soid, respectively. For a two-axial ellipsoid with the con-
stant volume (4π/3)R3, c = (1 + η)R and a = (1 + η)−1/2R.
Therefore, one can calculate the deformation parameter η

= (c/a)2/3 − 1, which makes it possible to distinguish be-
tween the prolate (η > 0) and oblate (η < 0) cluster shapes.

The dependence Q2(α) proved to have no singularity at
α = 10, whereas the deformation parameter reveals qualita-
tively different behavior for subcritical and supercritical clus-
ters. Corresponding typical time dependences η(t) are shown
in Fig. 8. At α = −9.58, 〈η(t)〉 → 0, i.e., prolate and oblate
shapes have equal probability. This is true for all subcritical
α’s listed in Table I. For the supercritical α = −10.08, the
function η(t) first fluctuates about ∼0.3 for a comparatively
long time, i.e., the cluster retains a prolate shape. The quan-
tity Q2 also remains almost constant over this time, which
can be called the precursor stage. Here, a typical value of
Q2 represented by triangle in Fig. 7 is close to the extrap-
olation of simulation data to the fission point. The precur-
sor stage terminates at t ∼ 20 000 by a fast increase of η(t),
which leads to cluster fission. Figure 9 illustrates typical clus-
ter shape changes prior to fission. The time interval between
successive phases is 5375, the cluster shape at t = 0 is almost
spherical. It is seen that formation of cluster prolate shape
emerges shortly after the run initialization [phase (a)]. Al-
ready at t > 10 000, the cluster assumes a prolate shape with
moderate fluctuations of the longer axis length and remains
in this state for a comparatively long period [phases (b)–(d)].
The precursor stage is followed by a very fast cluster elon-
gation and formation of a bottleneck [phase (e), cf. Fig. 8],
whose thinning results eventually in the separation of fission
products. Note a substantial cluster elongation, which appre-
ciably exceeds that calculated by Cohen and Swiatecki21 for
the saddle point of critical deformation using the liquid drop
model. It is visible in Fig. 9(e) that at t = 26 875, some ar-
eas of cluster surface close to the bottleneck have no surface
particles. This is indicative of insufficiency of the definition15

used for the surface particles when the cluster is strongly de-
formed.

Latent changes occurring in a supercritical cluster at the
precursor stage are brought to light by Fig. 10, where the
ratios S>/Smax and S</Smax are shown as functions of time

FIG. 9. Phases of the supercritical cluster evolution prior to fission at α

= −10.08: (a) t = 5375; (b) 10 750; (c) 16 125; (d) 21 500; (e) 26 875. The
viewing direction is perpendicular to the slice plane with maximum spectral
amplitude Smax. Internal particles are marked by blue; surface particles, by
cyan; and virtual chains, by red.

for the run at α = −10.08 (cf. Fig. 8). It can be seen that these
quantities are not constant during the precursor stage: the first
one increases, while the second one decreases. Prior to fission,
the first quantity reaches unity while the second one vanishes.
This is indicative of the fact that on the precursor stage, fluctu-
ation modes are converted to the mode with l = 2 and m = 0,
which proves to be the unstable one. Emergence of the precur-
sor state is a clear evidence of cluster instability that unavoid-
ably leads to its fission. To make sure that existence of this
state and determined fission point are independent of at least
the integrator, simulations were performed for α = −10.08
using the force rotation scheme and r-RESPA. This was pos-
sible because the time of fission was sufficiently short so that
the system remained isothermic. No apparent difference be-
tween the results from r-RESPA and the force rotation scheme
was detected. To avoid the effect of randomnicity, the force
rotation runs were multiply repeated, and each time the pre-
cursor stage leading to cluster fission was registered. Based
on MD simulation data (Fig. 8), we can estimate the threshold
of cluster fission as α = −9.83 ± 0.25. This threshold is a
few percent higher than theoretical prediction (39), which
may be a manifestation of the correction for nonlinearity. If
we neglect all modes but the axially symmetric one, we can
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FIG. 10. Ratios of slice spectral mode amplitudes (k = 2) calculated in three
reciprocally perpendicular planes, the plane of a maximum amplitude (Smax)
and the planes of intermediate (S0 = S>) and minimum (S0 = S<) ampli-
tude, as functions of time shown for a supercritical cluster with α = −10.08.

estimate the cluster excess energy necessary to reach a saddle
point on its energy surface as21 0.83(1 + α/10)30 = kBT /2
to derive α � −9.4, which is compatible with our results.
Albeit the theory is incapable of describing large fluctuations,
a transition to the precursor state takes place seemingly
at small deformations for which the theory is still valid.
Note that the uncertainty in the fission threshold obtained
from simulation is mainly due to the cluster size fluctuation.
This uncertainty is of the same order of magnitude as the
difference between supercritical and subcritical α’s in Fig. 8.

VI. CONCLUSIONS

We have studied the thermal surface fluctuations of a
cluster that comprises the particles interacting via potential
with a short and long-range component. The strength of the
latter is defined by the constant α, which may have an arbi-
trary value of both signs. Its positive value corresponds to a
pseudogravitational attraction and negative, to the Coulomb-
like repulsion. The long-range potential component is taken
into account as a self-consistent field induced by all cluster
particles. In the approximation of small fluctuation amplitude,
which allows one to develop a theory of noninteracting oscil-
lators, a general expression (27) for the average squared am-
plitude of spherical harmonics with the numbers l and m was
found. The long-range attraction leads to suppression of fluc-
tuation modes with small l. This removes the long-wavelength
(R → ∞) divergence of the interface thickness. The long-
range repulsion affects only the longest-wavelength modes,
first of all, those with l = 2. At α ≤ −10, the cluster loses sta-
bility with respect to fission. It is remarkable that the critical
α is defined by the bare surface tension γ0 rather than the or-
dinary one γ . This means that the criterion of fission obtained
in this study (α = 10) differs noticeably from that obtained
in Refs. 18 and 19 (α = 10γ /γ0 � 11.5). This difference was
revealed in MD simulation.

As was shown in previous studies,14, 15 the surface parti-
cles must have no less than five neighboring particles. With a

different minimum number of neighbors, the surface particles
would not form a monolayer over the internal particles and,
therefore, could not serve as pivots of the fluctuation surface.
The sharpest roughness of cluster surface is constructed of the
virtual chains of particles with less than five neighbors. Vir-
tual chains are not allowed for in the definition of the fluctua-
tion surface. Thus, the maximum curvature of the fluctuation
surface and, consequently, the maximum l corresponding to
the minimum wavelength prove to be restricted by the defini-
tion of surface particles. Hence, emergence of virtual chains
removes short-wavelength divergences of the excess surface
area induced by fluctuations and of the interface width. A no-
table conclusion follows from this concept that both γ and γ0

are independent of the temperature and field strength, which
was also checked in the simulation. In fact, if the shortest
wavelength was of the order of interparticle distance, the ex-
cess surface would tend to infinity even for an attractive field
with the temperature increase up to the thermodynamic criti-
cal point.

The MD simulation was performed to verify the conclu-
sions of a theory and to go beyond the limit of its validity to
the range of strong cluster deformations and cluster fission. It
is well known that a special care should be taken when simu-
lating a system with multiple time and length scales like that
treated in this study because of a substantial energy drift. For
this reason, a new integrator was proposed, the force rotation
scheme. Over the period of the long-range forces update, an
artificial torque of these forces is formed due to cluster rota-
tion. This torque accelerates the rotation thus increasing the
rotational kinetic energy. Thus, a fast energy drift emerges.
It was shown that a complete set of the long-range compo-
nents of forces acting on individual particles should be rotated
along with the cluster to avoid this artifact. The angles of rota-
tion are defined by the condition that the torque of such force
components is zero at each time step. Test runs showed that
the force rotation scheme is competitive with time-reversible
integrator r-RESPA but it is still a question whether proposed
scheme suffers from the resonance artifact. The advantage of
the force rotation scheme lies in the fact that it needs no mod-
ification to comply directly with any thermostat. To increase
reliability of the results, the runs with the same parameters
were performed using both schemes whenever possible.

Results of MD simulation performed at different α and
T are in satisfactory agreement with theoretical predictions
provided that condition of validity (8) is satisfied. The results
for α = 445 are noteworthy. Here, a combination of strong
field and temperature not far from the critical point allows one
to perform a critical test of the CWM at small surface tension
and sufficiently low vapor density. A small surface tension
is interesting with respect to large fluctuation amplitude,
which cannot be accounted for using a theory with the cutoff
wavelength commonly defined as the mean interparticle
distance. The pseudogravitational field reduces substantially
the saturation vapor density. In the absence of a field, it would
be too difficult to distinguish between cluster and vapor parti-
cles, to isolate the surface and internal particles, etc., and the
definitions used in this study would be inapplicable. On the
other hand, the effect of a strong field at lower temperature
could result in the solidification of cluster core, which would
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substantially complicate the interpretation of simulation data.
Last, the most reliable information on the dependence of
the surface tension on the field strength can be obtained at a
strong field. We have reached a reasonably good agreement
between the theory and simulation data, including the corre-
spondence in the spectral maximum and its position. In view
of the fact that theoretical results are sensitive to a single
parameter κ , this compliance corroborates main assumptions,
which form the basis of developed theory. In accordance with
its predictions, the surface tension at liquid–vapor interface
proves to be independent of the field strength, at least, up to
the field strengths for which CF are yet resolvable.

For the Coulomb-like particle repulsion, condition (8) is
violated as the point of cluster fission is reached. Here, the
theory overestimates the amplitudes of lowest modes that be-
have like anharmonic oscillators. Anharmonicity, which plays
an important role at high cluster deformations, has differ-
ent effects on axially symmetric and asymmetric modes with
l = 2. The first one is enhanced, the other ones are damped.
For this reason, the ratio of symmetric to asymmetric ampli-
tudes increases as the fission point is approached, and the-
oretical calculation with a single enhanced symmetric mode
yields a reasonable correspondence with simulation. The fis-
sion point is peculiar, first of all, due to the fact that spectral
amplitudes do not tend to infinity in its vicinity. In spite of
the absence of a rigorous statistical average for a supercriti-
cal cluster, it finds itself for some time in a special state with
a prolate shape and almost constant fluctuation amplitude at
k = 2, which lies on the same curve as the amplitude depen-
dence for the subcritical clusters. Over this period, which we
have called the precursor stage, axially asymmetric fluctua-
tion modes diminish while the symmetric mode grows. The
precursor stage, which is a characteristic feature of a super-
critical cluster, terminates by an avalanche-like deformation
increase leading to fission.

The fission threshold estimated from MD simulation is
close to theoretical prediction α = −10, which differs from
the Bohr–Wheeler and Frenkel criterion (in our notation,
α � −11.5) due to the fact that fission is defined by the bare
rather than ordinary surface tension. In the supercritical re-
gion, the duration of precursor stage shortens as α decreases.
Note that the Bohr–Wheeler and Frenkel condition corre-
sponds to a point, where this region vanishes, i.e., fission is
extremely fast. We can conclude that a systematic study of
cluster fission requires development of a nonlinear theory, in
which mode coupling should be taken into account. If short

and long-wavelength modes were coupled, the bare surface
tension would no longer be a suitable quantity for the non-
linear problem, solution to which will be addressed in future
work.
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